Advanced Physics Research

| RESEARCH ARTICLE ZEI1EEED

W) Check for updates

ADVANCED
PHYSICS
RESEARCH

www.advphysicsres.com

Squeezed-Vacuum Bosonic Codes

Nir Gutman! | Eliya Blumenthal?

| Shay Hacohen-Gourgy? |

Ariel Orda! | Ido Kaminer!

Viterbi Department of Electrical and Computer Engineering, Technion — Israel Institute of Technology, Haifa, Israel | 2Department of Physics, Technion —

Israel Institute of Technology, Haifa, Israel

Received: 6 April 2026 | Accepted: 8 April 2026

Keywords: bosonic codes | continuous variables | quantum error-correcting codes

ABSTRACT

We introduce a family of bosonic quantum error-correcting codes built as a rotation-symmetric superposition of squeezed

vacuum states, which promise protection against both loss and dephasing noise channels. The robustness of these “squeezed-

vacuum codes” arises from being arranged at evenly spaced angles in phase-space, and simultaneously in evenly spaced

photon-number support n = 2k (mod 2m). We present simple preparation circuits for general “m-legged” codewords using

sequences of conditional rotations. The performance of these codes is evaluated against loss and dephasing noises using the

Knill-Laflamme violation function and benchmarked against cat codes, binomial codes, and finite-energy GKP codes. As the

number m of squeezed-vacuum states in a code increases, the code exhibits improved loss tolerance at the cost of higher dephasing

sensitivity. We outline implementations in circuit QED and trapped-ion platforms, where high-fidelity Gaussian operations and

conditional controls are available or under active development. These results help establish squeezed-vacuum codes as practical,

hardware-compatible, members of the bosonic codes class.

1 | Introduction

Quantum computers promise exponential speed increases for
certain computational tasks, but their fragile quantum states
are extremely susceptible to noise. Quantum error-correcting
codes (QECCs) [1, 2] protect logical quantum information by
distributing it across a larger physical Hilbert space, enabling
detection and correction of likely error processes. Topological
codes, such as the surface code [3, 4], now dominate the road-
maps of large-scale qubit processors, owing to their relative
simplicity, yet at the cost of cumbersome logical operations [5]
that require substantial qubit overhead.

An attractive alternative is to encode information in a bosonic
mode, i.e., the infinite-dimensional Hilbert space of a single quan-
tum harmonic oscillator. Because multiple indistinguishable
excitations can occupy one resonator, bosonic codes can achieve
the required redundancy while exploiting high-Q cavities for long
coherence [6, 7]. These bosonic encodings naturally reside in the
continuous-variable (CV) model of quantum computation, where

quantum information is carried by the conjugate quadratures
(g, p) of an oscillator. Lloyd et al. [8] proved that Gaussian
operations — phase-space displacement D(a) and squeezing S(r)
— must be supplemented by at least one non-Gaussian element
to achieve universal CV quantum computation.

Continuous-variable quantum error correcting-codes (CV-
QECC) [9] leverages bosonic codes to protect against dominant
noise channels, with landmark theoretical proposals including
cat codes [10, 11], the Gottesman-Kitaev-Preskill (GKP) code [12],
and finite-energy binomial codes [13]. Advances over the past
two decades have gradually established a unified description of
CV-QECC [14-16]. Such a general treatment enabled scientists to
classify some encodings as part of the class of rotation-symmetric
bosonic codes [17] with a generalized structure and gate set.

Experimental realizations of these codes have achieved sig-
nificant milestones: Cat codes demonstrated break-even quan-
tum error correction in superconducting cavities [18]. Binomial
codes showed universal gate operations and error correction in
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superconducting cavities [19]. GKP codes were first realized on
trapped-ion platforms [20] and demonstrated QEC with ~3x
longer logical coherences [21]; later implementations surpassed
break-even and extended logical lifetimes to ~2x that of their
physical elements in superconducting circuits [22]; and were
recently created on-chip in integrated photonics [23]. Different
bosonic encodings are most naturally realized with different
native non-Gaussian resources (e.g., conditional displacement
or Kerr-type nonlinearities), whose implementation details and
optimization are strongly platform-dependent. This motivates
us to explore codes based on other non-Gaussian operations —
specifically, conditional squeezing and conditional rotation — in
order to offer alternative bosonic encodings built from distinct
non-Gaussian primitives.

Here, we introduce a new family of bosonic error-correcting
codes built from superpositions of vacuum states squeezed along
evenly-spaced axes. The resulting codewords are simultane-
ously rotation-symmetric and also belong to the number-phase
subclass [17] with sparse Fock support. The simplest 2-legged
member achieves number code-distance 2 (i.e., loss events involv-
ing different numbers of photons map to disjoint subspaces) and
an angular separation of 77/2 between primitive squeezed states
in phase-space, offering protection comparable to the 4-legged cat
code. We find that a controlled-squeezing operation — squeezing
the bosonic mode conditioned on a qubit’s state [24-27] — can
generate this 2-legged state in a single step. On top of this, we
develop preparation protocols for all members of the code-family,
based on conditional rotations and single qubit logic. We bench-
mark performance under photon loss and dephasing, comparing
against cat codes. We then provide details on controlled squeezing
across platforms and discuss implementation considerations.

The remainder of the paper is organized as follows: In Section 2,
we introduce the squeezed-vacuum code family as a subclass
of rotation-symmetric bosonic codes and describe its structure
and distance properties. Next, Section 3 presents probabilistic
and deterministic circuits for code preparation. Then, Section 4
discusses logical gates, state preparation, and readout for encoded
qubits. Afterwards, Section 5 sets up loss and dephasing noise
models and benchmarks the codes using a Knill-Laflamme
cost, comparing against cat codes, binomial codes, and finite-
energy GKP codes. Finally, Section 6 addresses the experimental
feasibility (circuit QED and trapped-ion platforms) and provides
guidelines for choosing code parameters; additional derivations
and analysis appear in Appendices SA-SD of the Supporting
Information.

2 | A New Family of Codes

2.1 | Motivation: Superpositions of Gaussian
States as Bosonic Codes

Some of the simplest schemes that place Gaussian states in a
superposition can protect against photon loss and dephasing [17].
A paradigmatic example is Schrodinger cat code, which stores
a qubit in an m-legged superposition of coherent states [10, 11].
The legs are arranged equidistantly on a circle in phase space,
endowing the state with an m-fold rotational symmetry that
translates into resilience to particle-loss channels. Thus, by only

manipulating Gaussian resources (displacements, squeezers, and
phase shifters), one can control a rich highly-nonclassical code
space. Our code family is such a surprisingly simple set.

Cat codes as a family. Rather than a single encoding scheme,
cat states form a continuum parameterized by their mean pho-
ton number |a|?> and an integer m specifying the number of
coherent-state “legs”. Figure 3 depicts the familiar two-legged cat.
Increasing m reduces the angular separation between the legs,
thus improving particle-loss tolerance at the cost of less resilience
to dephasing. This increased susceptibility to dephasing noise can
be intuitively attributed to the larger number of states taking the
same volume in phase-space (Figure 2).

2.2 | Required Operations

The canonical cat-code preparation uses a conditional displace-
ment, in which an auxiliary qubit coherently displaces the
oscillator to amplitudes +a. We now build on this idea by
replacing conditional displacement with conditional squeezing
[25-27]. Both operations are non-Gaussian and share a similar
structure. Making the conditional-squeezing operation explicit
allows us to adapt the standard cat-code construction to obtain
a new code family based on a different non-Gaussian primitive,
and to systematically design and analyze circuits for preparing
its codewords.

Recall the single-mode squeezing Hamiltonian [30]
i
Hy(x) = 5 (ca” —x" a?), ¢y)

whose conjugate coefficients ensure anti-Hermiticity of the gen-
erator. This Hamiltonian generates (for interaction duration t)
a squeeze of magnitude r = |x|t, corresponding to the unitary
operator,

€)= exp 5 (¢ =<7, @

with ¢ = re. Here, we would like to follow the notion of
primitive-states in phase-space given in [17]. Our primitive state
is a single squeezed-vacuum state [30], elongated along direction
6. We relate 6 to ¢ with

#(6) =20+ 7 (mod 27), ©)

which yields, e.g., 6 =00r8 =7 = ¢ = 7. We then define the
direction-labeled squeezing unitary as

S(r,0) = S (re®) . 4)

Finally, we define the conditional squeezing unitary as
CS(r;6,,6,) = 0) (0] @ S(r,60) + [1) (1| ® S(r,6,),  (5)
which applies squeezing that elongates vacuum along 6, (if the
auxiliary qubit is |0)) or along 6, (if it is |1)). Proposals for

implementation [24-27] of such an operation across multiple
platforms (circuit QED, trapped ions) are discussed in Section 6.

2 0f13

Advanced Physics Research, 2026

85U801 7 SUOWILLIOD AIIRID 3ot [dde 8y Aq pausenob ae 9l VO ‘8sN JO Sa|nJ o ARiqiT8ulUO 8|1 LD (SUORIPUOD-PUE-SWRIALIOD"AB | 1M Afe.d]1Bu [Uo//:St) SUORIPUOD pue SWLB | 8U) 89S *[9202/80/70] U0 AfeiqiTauljuo AB]iIM ‘JO uonnisu| pess|-uoluyoe 1 Aq 00009202 1Xde/z00T 0T/I0p/LI0d A8 | im Ake.q 1 puljuo"peoueApe//sdiy ol pepeojumod ‘2 ‘9202 ‘002TTSLZ



2.3 | Squeezed-Vacuum Codes

Here we present a new family of Squeezed-vacuum codes defined
by a coherent superposition of m differently oriented squeezing
operations on the vacuum state. Each codeword is therefore
a non-Gaussian superposition of Gaussian squeezed-vacuum
states. For an even integer m > 0 and rotation-symmetry index
k € [0,m — 1] we set

m-lo ;
[Phy) Z e imk S(r, %) |[vacuum) . (6)
=

In Fock space, this state occupies photon numbers
n =2k (mod 2m), yielding natural logical codewords
[0.) :=|ho) and |1;) := [¢,,,) whose number distributions
are interleaved by An = m (See Appendix SA for a derivation).
Explicitly, |0,) has nonzero Fock-state coefficients only at
photon numbers n =0, 2m, 4m, ..., while |1;) is supported
on n=m, 3m, 5m, ... ; notably, this occupancy pattern is
independent of the squeezing strength r. The code distance is
therefore d=m against single-photon loss events.

This sets the stage for the definition of a new family of
single-mode bosonic error correction codes, as follows. For two
parameters m and r — the even integer "number of legs” and
the squeezing strength, correspondingly — two logical states are
constructed from an equal (sometimes phased) superposition of
squeezed states according to Equation (7):

m—1 :
[0,) 2 S(r, %) [vacuum),
j=0

Q)

m-1 .
1) Z(—l)j S(r, %) |[vacuum),
=0

with a trivial normalization factor that keeps each state nor-
malized to 1. Since single-primitive squeezed states are already
limited to even Fock numbers, codes with an odd number of
legs m are generally possible, but result in codewords without
clear sparse Fock-number occupancy. Wigner functions resulting
from this construction are depicted in Figure 2. A closed-
form expression for the Fock-basis representation is derived in
Appendix SA.

This family of codes — as a sub-family of rotation-symmetric
bosonic codes — follows the same intuition from [17] that more
primitives (more legs / larger m) results in a code that is more
robust to loss but more susceptible to dephasing. We explore
this notion numerically in Section 5. Additionally, this code is
an “approximate number-phase code” [17] and we approach the
“ideal number-phase code” at the limit of r — oo (See discussion
in Appendix SC).

3 | Preparation Circuits

In this section, we discuss probabilistic and deterministic meth-
ods for the generation of the bosonic codewords in the squeezed-
vacuum family. We start with the simplest circuit, namely
generating the code words for the 2-legged code, in a probabilistic

manner. We then generalize to arbitrary even m-legged variants of
the code. We also discuss the necessary operators needed to make
these processes deterministic.

3.1 | 2-Legged Codewords

A minimal circuit to probabilistically prepare the m=2 code-
word pair uses a Hadamard-Controlled-Squeezing-Hadamard
(H-CS-H) sequence on a single auxiliary qubit coupled to a
bosonic mode initially in the vacuum state; the probabilistic
nature of this method arises from the final Z-basis measurement,
collapsing the mode state to either an even or an odd superpo-
sition of squeezed states. Figure 3 illustrates that protocol and
compares it to a similar sequence that generates the 2-legged
cat code.

Although it might seem that the probability of getting either of the
logical code states is equally distributed 50—50, this is not the case.
Consider the case of r=0, equivalent to not performing squeezing
at all. The logical-0 state reduces to the vacuum state, but the
logical-1 state cannot be achieved. Therefore, we should expect a
probability that scales somehow with the squeezing strength. In
fact, the probability of getting the logical state L (L € {0, 1}), given
the squeezing strength r, is:

(-D*
2coshrVtanh’r +1

As r increases, the probabilities approach a uniform distribution.

®)

prob(L |r) = % +

In most cases, such a probabilistic nature can be tolerated as long
as we add post-selection on the measurement result.

3.2 | General m-Legged Codewords

Extending to m>2 by simply repeating the process in Section 3.1
would not work. Simply put, squeezing operations do not stack
on top of each other: instead of creating more superpositions of
primitive squeezed-vacuum states, more conditional-squeezings
on top of states already squeezed would only rotate and stretch
the existing states.

As shown in [24-26], controlled-squeezing promises universal
control over the joint system of a qubit and a harmonic oscillator
mode, once it is combined with displacement and (unconditional)
squeezing on the mode and with full single-qubit control. In
particular, the Lie-algebraic analysis of Ayyash et al. [24] demon-
strates that including qubit-conditional squeezing generators in
an already universal gate set enables more efficient synthesis of
arbitrary unitaries on the joint Hilbert space, with accuracy that
improves as the number of gates increases.

Two such unitaries that we can generate are: the conditional-
rotation, CR(0), which rotates the mode in phase space by 6 if the
state of the qubit (possibly in a superposition) is |1) (Equation 9);
and the logical-X gate X, which acts as the Pauli-X gate in the m-
legged code-space, transforming the logical-O state into a logical-1
state, and vice-versa (Equation 10).
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FIGURE 1 | Generation of multi-legged squeezed states: We present
a new family of quantum error-correcting bosonic codes built from
squeezed-vacuum states. Each codeword can be created by a sequence
of single-qubit gates, conditional-rotations, and post-selection. Each
resulted bosonic state can be fed back to generate a codeword with
a larger superposition of squeezed-vacuum states. Selecting different
measurement results generates different members of the family. In this
example, the 8-legged logical-1 codeword is generated.

CR(6) can be written as
CR(0) = 0){0| ® T+ [1) (1| ® R(®), )

where R(6) = ei%'4 rotates the state in phase-space by 6 counter-
clockwise. A discussion of experimental implementations and
platform-dependent constraints is provided in Section 6.4.

X can be written as
X =10 X1+ 11.X0, | + 1, 10)

where 1, is the identity operator on the orthogonal complement
of the code space. More on the implementation of X is discussed
in Section 4.2. Note that as the squeezing strength r increases, the
logical Pauli-X operation can be approximated by the operator
Z;o:o |n)(n + m|, since the logical codewords approach “ideal
number-phase codes” [17]. See related discussion in Appendix SC.

With these gates, we can establish the following algorithm for
the generation of m-legged code states, for m=2* with a positive-
integer k. Starting with the qubitin |0) and the mode in [vacuum),
we first squeeze our mode by r, creating the squeezed primitive
state S(r, 0) [vacuum). Then, we repeat the following sequence for
log,(m) iterations:

Apply (H ® 1)CR(®,)(H ® 1). At the j™ iteration, §; = le Then,
measure the qubit. If this is the last iteration, the result of the
measurement dictates whether we are in the logical-0 or logical-
1 state. Otherwise, only the '0’ result should be kept for the next
iterations. One can either use post-selection (probabilistic) or a
feed-forward conditional X, correction (deterministic) to keep
the desired result. This algorithm is summarized in Algorithm 1
and visually exemplified in Figure 1.

ALGORITHM 1 | Preparation of 2-legged codewords using
conditional-rotations

1: Inputs: r, k, L > L € {0, 1} is the desired codeword
2: Initialize bosonic mode in |[vacuum)
3: |mode) « S(r,0) |[vacuum) > Apply squeezing
4: for j=1tokdo
5: 0, « 2—”/
6: |$) = |0) ® |mode) > Initialize qubit in |0)
7. [¥) < (H®T)CR(6)) (HQ1) |9)
8: Measure the qubit in the Z basis
9: L <« measurement result > L € {0, 1}
10: |mode) « [) traceover qubit
> deterministic or probabilistic part (see Note):
11: if j < k then
12: continue only if L = 0
13: else
14: return |mode) if L = L.
15: end if
16: end for

Note: If an undesired outcome L occurs, two approaches
are possible. In a deterministic protocol, one applies a
corrective logical-X operation (Equation 10) on |[mode). In
a probabilistic protocol, one instead uses post-selection,
i.e., discards the current run and repeats until the desired
outcome is obtained.

This rather simple protocol can generate only codewords of
the m=2k-legged variants. To generate a general even m-legged
state, we apply a single iteration of the previous protocol on
an already %-kegged state in an equal superposition |e%) =

%_1 27 m k
0 S(r, 7) |0). If S = 2¢ for some k, then we can use the

protocol from Algorithm 1, accepting only the logical-0 codeword
(which is of an equal superposition as required); Otherwise,
lem) can be achieved with another protocol, summarized in
Alzgorithm 2. For this protocol, we will introduce an operation that
conditionally applies a rotation with phase, which we will write
as CRyhasea(6, ¢) (Equation 11).

CRppasea (6, ) = 10)(0] @ T + € [1)(1] ® R(O). (1)

This operation can be decomposed as a conditional rotation
preceded by a phase gate on the qubit:

CRphased(e’ ¢) = (ei¢|l)<1| ® H)CR(6)9 (12)

where the phase gate e!X!l = |0)(0] + ¢ [1)(1] acts only on
the qubit.

Both Algorithms 1 and 2 share a common recursive structure and
admit two implementation approaches: a purely probabilistic pro-
tocol that relies on post-selection of measurement outcomes, or
a deterministic protocol that applies feed-forward X corrections
based on the measurement results. However, the implementation
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FIGURE 2 | The family of multi-legged squeezed bosonic codes: Wigner functions [28] of m-legged squeezed codes for m=2...8 at fixed squeezing
strength = 1.5. For each m, we show 2 logical codewords. Increasing the number of legs increases m-fold rotation symmetry and protection against
particle loss. The upper-left Wigner function was previously shown [29] but had not been analyzed there as a bosonic code.
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FIGURE 3 | Generating scheme of multi-legged squeezed codes vs cat codes: Comparing a conventional circuit for generating the 2-legged
Schrodinger’s cat state [31] using a conditional-displacement gate CD(«) (al) and our 2-legged squeezed code using a conditional-squeezing gate

CS(r;0, %) Equation 5 (bl). Wigner functions [28] of the resultant states are shown in (a2,b2). The support of the codes in Fock space is also compared
(a3,b3): While the 2-legged cat code has a number distance of d=1 (a3) with respect to photon loss events, our code has a number distance of d=2,
meaning that single-photon loss events map to disjoint subspaces (b3). The number distance increases linearly for both codes as the number of legs m

increases. Circuits drawn with [32].

of X is non-trivial (as discussed in Section 4.2), making the purely
probabilistic approach more suitable in most cases. In Figure 4,
we analyze the probability of successfully generating the different
logical states at the end of these protocols for various numbers of
legs m.

Python implementations of these protocols can be found in our
code [33].

4 | Logical Operations

Having defined the squeezed-vacuum codewords, we now turn to

the question of universal quantum computation. In this section,
we suggest ways to achieve universal control over the encoded

qubits by distinguishing between “native” gates—those realized
by simple physical Hamiltonians—and operations that require
gate teleportation. We show that the rotation symmetry of our
codes gives immediate access to a logical Z and a logical CZ.
We then describe how to complete the universal set using
teleportation, discuss strategies for state preparation, and outline
measurement primitives.

The codewords in Equation 7 have support only on
photon numbers n = (2k+¢)m, corresponding to an
order-m rotation-symmetric code [17]. Consequently, the
general logical toolbox developed for number-phase codes
applies directly to our family. Accordingly, most of this
section follows the established number-phase-code framework of
Ref. [17].
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ALGORITHM 2 | Preparation of m-legged squeezed states in equal
superposition using conditional rotations

1: Inputs:r, m
2: Initialize bosonic mode in [vacuum})
3: |mode) < S(r,0) |[vacuum) > Apply squeezing

2
4: 0« =

m
5: forj=1tom—1do
6: ¢« m— z

m
7: [$) = |0) ® |mode) > Initialize qubit in |0)
8: |¢> < (H®H)CRphased(e’¢j) (H®ﬂ)|¢>
9: Measure the qubit in the Z basis
10: L < measurement result > L € {0, 1}
11: |mode) « |¥) traceover qubit
> deterministic or probabilistic part (see Note):

12: continue only if L = 0
13: end for
14: return |mode)

1.0

0.8
30.6* —0), m=2
"oy k ______________ s
S O T v oy e
0.04 pe—=m=SS S S S S mmmm— = — L).m=
0 1 2 3 4 5 6 7

mean number 7

FIGURE 4 | Probability of successfully generating logical states.
Probability of successfully generating the different logical states at the end
of the protocols in Algorithms 1 and 2 for various numbers of legs m. The
probabilities are plotted as a function of the mean (photon) number 7,
which depends on the squeezing strength r as shown in Equation S(25)
in Appendix SA.

4.1 | Native Gates: Z and CZ

The rotation symmetry of the code allows us to implement
diagonal Clifford gates using simple physical interactions.

Logical Z The logical Pauli-Z is implemented by a phase-space
rotation:

Z:R(%) =exp<i%a"’a>. 13)

This operator acts as the identity on the logical |0, ) (supported on
even multiples of m) and applies a (—1) phase to the logical |1,)
(supported on odd multiples of m).

Entangling gate CZ Universal computation requires entangle-
ment between bosonic modes. We leverage a controllable cross-
Kerr interaction H;, « a’a ® b'b, which has become viable
across multiple platforms including cQED and trapped ions [34-

36]. For two encoded modes a and b with parameters m, and m;,,
the logical entangling gate is:

ﬁ:exp(im” a*a®b*b>, (14)

aMyp
which acts as a logical controlled-Z on the encoded subspace.
Indeed, for Fock states in the code support, n, = (2k + ¢,)m,

and n, = 2k’ + €,)m, with ¢,,¢, € 0,1}, ¢ 7m0 "™ |n,, n,) =
eIT@RHIQK +E) |,y = (=1)¢als |, m,) which is exactly a
CZ = diag(1, 1,1, —1) on the logical basis.

4.2 | Completing the Universal Set

While the diagonal gates Z and CZ are native, the code lacks a
simple unitary for the logical X or H. To achieve universality,
we rely on gate teleportation utilizing the CZ interaction derived
above [17].

Specifically, the logical Hadamard H is implemented by coupling
the data mode to a logical auxiliary mode prepared in |+;)
via a CZ gate, followed by a measurement of the data mode
in the logical X basis (see Section 4.4). Crucially, this scheme
does not require a physical X gate. Any Pauli-X corrections
arising from the teleportation measurement outcome are tracked
in the Pauli frame (software tracking), meaning subsequent
operations are classically updated rather than applying a physical
recovery pulse. Non-Clifford gates, such as the logical T, are
implemented similarly by injecting magic states prepared in a
physical auxiliary qubit.

4.3 | Preparing Arbitrary States

The ability to initialize the code in an arbitrary superposition
) =al0;)+ B |1;) is essential for computation. In contrast
to the preceding material, this subsection introduces a rotated-
measurement-frame preparation variant that is not presented in
Ref. [17].

Standard protocols for state preparation rely on injection: prepar-
ing the target state on a physical auxiliary qubit and teleporting
it into the code via the gate mechanisms described in Sec-
tion 4.2 [17]. While generic, this approach requires an additional
logical auxiliary mode and inter-mode entangling gates.

Here, we highlight an alternative method that synthesizes arbi-
trary states directly during the initialization protocol described
in Section 3.2. This method absorbs the target coefficients a, §
into the measurement basis of the final step of the preparation
circuit. The basis-adapted single-qubit measurement used in this
final step follows the measurement-based preparation paradigm
introduced in one-way quantum computation [37]. Specifically,
we insert a single-qubit rotation U, (6,9) = R,(-6) R,(¢) on
the physical auxiliary qubit immediately before the final mea-
surement (Figure 5), where 6 and ¢ are the Bloch-sphere polar
and azimuthal angles of the target state, respectively; such that
a = cos(6/2) and B = €'? sin(6/2). This rotation maps the target
superposition to the measurement axis, such that outcome ‘0’
projects the bosonic mode onto [, ).
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FIGURE 5 | Rotated-measurement-frame circuit. Final iteration of
the preparation protocol with the single-qubit rotation U, (6,¢) =
R, (-0) R,(¢) inserted before measurement. The outcome ‘0’ yields [¢p; ) =
a |0z) + 81 ); outcome ‘1’ yields its orthogonal complement.
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FIGURE 6 | Fidelity of the rotated-measurement-frame preparation.
Fidelity |<+L|+g)|2 between the ideal logical |+;) and the state |+,)
produced by the rotated-frame circuit, as a function of the squeezing
parameter r, for m = 2,4,6.

This approach avoids the need for a separate logical auxiliary
mode |+;) or a difficult logical X gate. However, this is not an
exact state-preparation scheme: the physical mode state produced
by the circuit only approximates the ideal encoded target. This
discrepancy arises because the codeword normalization con-
stants N, differ at finite energy (see Equation S(24) in Appendix
SA), becoming equal only in the limit of large squeezing r.
Consequently, the infidelity is not uniform across the code space
but scales with two factors: (i) the distance of the target state from
the computational basis states |0;) or |1;) on the logical Bloch
sphere (where the normalization mismatch is most pronounced),
and (ii) the magnitude of the squeezing parameter r (i.e., how
far the code is from the ideal number-phase limit). Figure 6
quantifies this effect, comparing the fidelity of the state |+,)
generated by this method with the ideal |+, ) as a function of r.

4.4 | Logical Readout

To complete the computational cycle, we require measurements
in the logical Pauli bases.

4.41 | Logical Z (Photon Number)

Since the codewords |0;) and |1;) have disjoint support on
the number lattice (even vs odd multiples of m), a logical Z
measurement corresponds to measuring the photon number
modulo 2m. This can be performed destructively via photon
counting, or non-destructively by mapping the number parity to
an auxiliary qubit.

4.4.2 | Logical X (Phase)

Measurements in the logical X basis correspond to distinguishing
the dual codewords |+, ). These codewords lie in distinct sectors

of phase space, such that distinguishing them requires only
coarse-grained phase estimation. Resolving the phase of the
oscillator modulo 27z /m distinguishes between the constructive
and destructive interference patterns of the superposition states.
In practice, this is implemented via heterodyne or adaptive-
homodyne detection, where the continuous measurement record
is digitized to the nearest sector on the phase lattice [38].

5 | Numerical Analysis

Errors in quantum systems are modeled by completely positive
and trace-preserving (CPTP) linear maps (quantum channels).
One convenient description is a channel’s Kraus (operator-sum)
representation:

N,(p) =Y K;pK], Y KK =1. (15)
J J

This representation is not unique.

In applications related to quantum computation with bosonic
codes, the dominant noise processes are loss ! and dephasing,
each with its infinite series of Kraus operators, given here as a
function of a noise-strength y [39]:

ko) =1/ L -pfa

v
y_ —3n n],
j'

(16)

K;lephasing (7/) —

where y is the unitless noise-strength coefficients, a is the
annihilation operator and n = a'a. These two error channels
commute [39, 40], thus allowing independent analysis.

The performance of a bosonic code with two orthonormal logical
codewords |0; ) and |1, ) can be measured according to its Knill-
Laflamme (KL) violation. The original KL conditions for exact
correctability are (i;|K.K,|j,) « &, ; [41]. Exact satisfaction of
these conditions yields a perfect code with

(0, 1KiK,|0,) = (1, IK;Ky1,) =1 Va,b,
a7
(0,1K{K,|1,) = (1,IK;Kp0,) =0 Va,b.

Approximately satisfying them gives rise to realistic, exper-
imentally accessible codes that correct errors only up to a
given tolerance.

One way to measure the performance of an approximate code is
to sum the deviation from Equation (17) for specific bra (i| and
ket |j), along all Kraus operators in a given noise-channel. We
call this the KL-violation of {i| and | j) over noise-channel N'. An
exact formula is given in Equation (18):

VW = 2|80+ GO GIRIE, D). 09)
ab

Summing over all Kraus operators in an infinite series (Equa-
tion 16) is impossible in numerical analysis, so a cut-off must be
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2, 4, and 6 denote the number of legs for the squeezed-vacuum, cat, and binomial families. Here, the code parameters are chosen so that all codes are
compared with the same mean (photon) number 7=3 for |0; ) (See Equation S(25) in Appendix SA). One can observe that increasing the number of legs
protects against loss better at the cost of worse protection against dephasing. The insets highlight the high-error regions (y € [0.03,0.10]) to clarify the

performance Crossovers.

chosen. Choosing a cut-off in a way that keeps the results accurate
up to a predetermined tolerance is discussed in Appendix SB.

Additionally, the Knill-Laflamme violation strictly assumes an
exactly orthonormal basis. For finite-energy codes such as the
square GKP code, the physical codewords exhibit a slight inherent
non-orthogonality. To accurately evaluate the dynamics without
introducing a static baseline error, we apply symmetric (Léwdin)
orthogonalization [42] to strictly define the logical code space
prior to the calculation (see Appendix SB for details).

It is also possible to sum Vy;(N),; over all logical i, states
combinations — into a single “KL cost function” [43]. This allows
computerized optimization protocols to choose a specific code
scheme for a given system under constraints and other consid-
erations. Even more methods to compare the performance of
single-mode bosonic codes are emerging. For example, methods
that take the recovery procedure into account [16, 44]. There is a
plethora of other options that we will not discuss in this paper.

Figure 7 shows Vi (N)y, for loss noise and Vi (WN), _ for
dephasing noise, each over different noise-strengths y. The dual

codewords { 1+;) == (10,)+11,)). I=1) =7 (10,) ~ 11,)) } are
more prone to dephasing error, so it is more fair to test code per-
formance given those states. Examining the high-noise regimes
shown in the insets reveals distinct behaviors. In the loss channel
(left), all codes ultimately degrade to a similarly poor level of
performance, reflecting a general breakdown of correctability.

In the dephasing channel (right), however, a notable crossing
occurs: while the 2-leg binomial code provides the best error
suppression at low noise, its performance decays much faster
than its peers as noise increases. At high dephasing noise, it is
surpassed by the simpler 2-legged cat code, which exhibits a lower
absolute Knill-Laflamme violation in this extreme regime.

Figure 8 shows Vi, (N'),; the same KL-violation analysis but
at a fixed noise-strength y=10"* and different mean (photon)
numbers 7. The results demonstrate that for most codes, increas-
ing the mean number 7 leads to higher error rates. In the loss
channel (left), the error for squeezed-vacuum and cat codes rises
with 71 because the effective interaction with the environment
scales with the number of excitations. The dephasing channel
(right) shows a similar penalty, as the noise is driven by the
n? term in the Kraus operators, which disproportionately affects
states with higher energy. While binomial codes show specific
points of resiliency due to their design, the general trend indicates
that without active correction, larger states are intrinsically more
vulnerable to environment-induced overlap. For completeness,
a supplementary evaluation at a higher fixed noise of y=1072 is
provided in Appendix SD (see Figure 9).

It is important to emphasize that the KL-violation benchmark
used here is recovery-agnostic; it measures the intrinsic com-
patibility between the code and the noise channel rather than
the end-to-end performance of an optimized active correction
protocol. Consequently, we do not claim universal superiority
of squeezed-vacuum codes over established codes for which
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noise-strength is fixed at y=10"* and Equation 18 is plotted for different mean number 7 for |0, ) (See Equation S(25) in Appendix SA).

practical stabilization or active correction sequences already
exist. Instead, the results highlight a fundamental trade-off:
increasing the number of legs improves robustness against loss
while reducing robustness against dephasing. The optimal choice
of code is thus heavily dependent on the specific physical plat-
form and available control capabilities. Accordingly, the present
manuscript does not attempt a recovery-dependent operational
benchmark; rather, it focuses on KL-based intrinsic code-channel
compatibility, while explicit recovery-map performance is left for
future work.

Finally, performance comparisons as a function of the mean
photon number 7 should be viewed together with the effort
required to prepare the corresponding logical states. When the
preparation is run in the purely probabilistic (post-selection)
mode of Algorithms 1 and 2, the success probability depends on r.
As shown in Figure 4, for small mean number 7 the post-selected
preparation of the ¢=1 (logical |1,)) state can be significantly
less likely than that of |0;), so generating |1;) may require
more repeated attempts even though the resulting low-energy
codewords can perform well once available. This preparation
aspect should be considered when choosing the optimal code
parameters for a given platform.

Our numerical analysis can be replicated through our (freely-
accessible) code [33].

6 | Discussion and Outlook

The practical realization of bosonic codes relies on match-

ing the code structure to the native operations available on
a given hardware platform. Standard encodings often utilize

conditional displacements and Kerr-type nonlinearities, which
have achieved impressive fidelities in recent experiments. For
instance, high-fidelity conditional displacements are readily
available in circuit QED as echoed conditional displacements [45]
— a promising enabler for break-even quantum error correc-
tion [22] — and manifest as native spin-dependent forces in
trapped ions [46], enabling deterministic grid state preparation,
as proposed in Ref.[47] and realized in Ref.[21]. Similarly, Kerr
nonlinearity is a native resource in superconducting circuits and
is being explored in trapped-ion systems via proposals utilizing
tweezer potentials [48] or operation outside the Lamb-Dicke
regime [49, 50].

However, synthesizing complex code states purely from these
elementary primitives often requires an impractical amount of
resources; for example, realizing effective Kerr nonlinearity from
conditional displacements requires deep gate sequences [51].
Consequently, the field is rapidly advancing toward utilizing
specialized, higher-order nonlinearities to facilitate large-scale
encodings [52, 53], exemplified by theoretical proposals such as
Tiger codes [54] and recent experimental demonstrations [55, 56].
Our proposed squeezed-vacuum codes align with this trend by
relying on a distinct set of primitives—specifically conditional
squeezing and conditional rotation—which we now discuss in the
context of specific experimental platforms.

6.1 | Circuit-QED Platform Readiness

Practical deployment of the squeezed-vacuum code depends on
the availability of high-fidelity Gaussian operations (displace-
ments, rotations, squeezing) together with conditional control.
Circuit QED platforms are particularly promising: universal
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oscillator control via a weakly-dispersive auxiliary qubit has
been established and scaled to fast, high-fidelity gates [45, 57].
In this toolbox, number-selective conditional rotations (SNAP-
type gates) [58], and high-quality single-mode squeezing has
been demonstrated [45]. However, a modular, high-fidelity qubit-
conditional squeezing gate is not yet a routine experimental
primitive in cQED. Several concrete proposals exist in standard
transmon-cavity hardware [24-26], but (to our knowledge) gate-
level experimental benchmarks are still missing.

6.2 | Trapped Ions Platform Readiness

Trapped-ion systems have demonstrated comparable levels of
squeezing and even deterministic preparation of GKP logical
states in the motional modes of a single ion [20, 59]. With access
to sideband couplings (spin-dependent forces) [60], and optimal-
control pulse shaping for spin-motion dynamics [59], trapped-ion
platforms can realize conditional Gaussian primitives, including
state-dependent displacement [60] and controlled-squeezing [61,
62]. These, together with a recent high-fidelity demonstration of
strong spin-dependent squeezing of a near-ground-state motional
mode [63], place trapped-ions on the path towards implementing
the suggested code family.

At the level of control primitives, trapped-ion platforms routinely
engineer conditional Gaussian operations on motion using
bichromatic near-sideband driving (spin-dependent forces);
see Leibfried et al. [64] for a review. Beyond single-ion state
engineering, spin-dependent squeezing has been leveraged in
trapped-ion gate design, including proposals for programmable
many-body interactions [65] and robustness-enhanced two-qubit
entangling gates [66], and has been incorporated into larger
experimental gate sequences [67]. Because these approaches
typically rely on higher-order sideband couplings, the effective
squeezing interaction can be intrinsically weaker (hence slower)
in the Lamb-Dicke regime and may incur additional power/time
overheads [65, 66].

6.3 | Creation of Controlled-Squeezing

Recent proposals and demonstrations across platforms indicate
growing readiness for the implementation of a controlled-
squeezing operation (Equation 5). In circuit QED, Blumenthal
et al. [26] propose using a Rabi-driven qubit dispersively cou-
pled to one or two high-Q oscillators to implement conditional
single- and two-mode squeezing entirely within the cavity,
predicting up to ~ 4 dB of single-mode squeezing in super-
position and estimating qubit-oscillator entanglement without
additional nonlinear elements. Independently, Del Grosso et al.
[25] introduce a controlled-squeeze gate in a resonator ter-
minated by a SQUID (superconducting quantum interference
device) that applies S(r,0) when the qubit is in |1). In related
theoretical work, Ayyash et al. [24] develop a general the-
ory of drive-enhanced multiphoton qubit-resonator interactions
and show that, for an engineered two-photon coupling, strong
cross-resonant driving can realize a qubit-conditional squeezing
operation in a transmon-resonator circuit with an asymmetric
SQUID coupler, as supported by numerical simulations with
realistic parameters. In trapped ions, Millican et al. [27] use

optimal control of modulated Jaynes-Cummings and anti-Jaynes-
Cummings interactions to deterministically prepare two-mode
squeezed vacuum with up to ~ 6 dB of squeezing.

6.4 | Creation of Controlled-Rotations

The controlled-rotation primitive in Equation (9), can be gen-
erated in hybrid qubit-oscillator platforms via a dispersive
(number-dependent) interaction of the form

X .
Hyy, = 5 0. a'a, (19)
which yields a conditional phase-space rotation of angle 6 = yT
after an idling time 7.

In circuit QED, such number-selective conditional phases are
routinely implemented and constitute a standard toolbox ele-
ment (e.g., SNAP-type operations) [58]. In trapped-ion platforms,
closely related phonon-number-dependent phase interactions
have been proposed within hybrid CV-DV gate toolboxes [68]
and are under active experimental development in regimes where
strong nonlinearities emerge; see, e.g., recent progress toward
nonlinear control outside standard perturbative limits [50].

For broader context on available instruction sets and the exper-
imental status of hybrid qubit-oscillator architectures, see the
recent hybrid-processor literature [69, 70].

6.5 | Choosing the Right Code

The bosonic codes we introduced differ by an integer number m
defining the number of legs and a positive number r defining the
squeezing strength. Beyond this, there exist many other bosonic
QECC options [14]. Choosing the right code depends on under-
standing the dominant noise bias (e.g., loss vs. dephasing), the
implementable gate set and calibration complexity (conditional
rotations vs. conditional squeezing), and other design factors.
Our suggested code has a number-phase structure that offers
increasing loss-robustness with larger m while trading resilience
to dephasing—precisely the trend quantified in our numeric
analysis (Figures 7 and 8). These trade-offs should be opti-
mized for a given platform under its measured loss/dephasing
rates.

7 | Summary

We introduced a new family of rotation-symmetric bosonic
codes built from coherent superpositions of oriented squeezed
vacua. Analytically, the construction yields interleaved Fock-
space support n = 2k (mod 2m) and code distance properties;
operationally, a single conditional-squeezing (CS) gate prepares
the m=2 instance, while short sequences of conditional rotations
extend the scheme to general even m. Using a Knill-Laflamme
violation measure, we mapped the trade-off across values of
m and benchmarked against cat codes, observing increased
loss-robustness with larger m. Finally, we analyzed potential
implementations of the squeezed-vacuum codes on existing
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experimental platforms. These results position the family of
squeezed-vacuum codes as a practical number-phase encoding
that complements existing cat and binomial families.
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