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ABSTRACT

Advanced bosonic quantum computing architectures demand nonlocal Gaussian operations such as two-mode squeezing to
unlock universal control, enable entanglement generation, and implement logical operations across distributed modes. This
work presents a novel method for generating conditional squeezing using a Rabi-driven qubit dispersively coupled to one or
two harmonic oscillators. A proof that this enables universal control over bosonic modes is provided, expanding the toolkit
for continuous-variable quantum information processing. Using modulated Jaynes-Cummings interactions in circuit QED, the
simulation predicts intra-cavity squeezing of 13dB (single-mode), 4dB (superimposed single-mode), and 12dB (two-mode), with
the latter two yet to be demonstrated experimentally. These results establish a new paradigm for qubit-conditioned control of

photonic states, with applications to quantum sensing and continuous-variable computation on readily available systems.

1 | Introduction

Quantum squeezed states and quantum squeezing operations
are widely used for quantum sensing [1, 2]. They are useful for
improving the signal-to-noise ratio by amplifying one quadrature
and squeezing the other. Amplification may overwhelm noise
in an amplification chain [3], and squeezing can reduce the
quantum uncertainty of an observable [4]. Quantum squeezed
states are usually generated by a designated device, such as a
Josephson parametric amplifier at microwave frequencies [5]
or spontaneous parametric down-conversion crystals at optical
wavelengths [6]. As squeezed states are sensitive to photon loss,
it is advantageous to minimize their transportation distance
by generating them inside the observed system. Such intra-
cavity single mode squeezing was recently achieved in a circuit
QED setup by using gated conditional displacements [7, 8] or
by utilizing Kerr non-linearity [9]. It can be used for sensitive
detection of displacements of the cavity electromagnetic field
or for quantum computation using continuous variable encod-

ing [10]. For example, squeezing was demonstrated to extend the
lifetime of a cat-state inside a superconducting cavity [11] and
was proposed to enable generation of Gottesman-Kitaev-Preskill
states [12].

Recent advances in quantum science and technology increas-
ingly demand operations that go beyond single-mode squeezing.
Applications ranging from quantum error correction to quantum
simulation and sensing now call for more complex forms of
control— such as two-mode squeezing, which entangles bosonic
modes [13], and conditional operations that couple discrete and
continuous-variable degrees of freedom [7, 14, 15]. These higher-
dimensional squeezing operations promise to unlock sophisti-
cated protocols that enhance the robustness and scalability of
continuous-variable quantum architectures.

In this letter, we propose a scheme for the generation of continu-
ous single- and two-mode squeezing (TMS) using a Rabi-driven
qubit that is dispersively coupled to two quantum harmonic
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oscillators. Our operation is conditional, since the squeezed axis
is conditioned on the state of the qubit. We will show how our
scheme can be realized in a circuit QED setup and present results
of numerical simulations. Our results predict the generation of
intra-cavity squeezed state with 13 dB of squeezing for single-
mode squeezing and 12 dB of squeezing for two-mode squeezing,
which is in line with the largest amplitude reported in experiment
to date for single-mode squeezing [7, 9]. For a superposition of
squeezed states, we achieve 4 dB of conditional squeezing in
the simulation. The squeezed amplitude of a superposition of
squeezed states is currently limited due to high-order effects of
our scheme.

Conditional-squeezing could be used for control of a rotation-
symmetric Bosonic code [16] with even and odd superpositions
of squeezed states as the computational basis [14]. We provide
a proof of universal control using this operation together with
single qubit rotations and displacements.

During the preparation of this manuscript, we learned of an
experimental implementation of conditional- (or controlled-)
squeezing on a trapped ions system [17] and two recent inde-
pendent proposals. The first suggests controlled-squeezing of
a weekly anharmonic oscillator that is dispersively coupled to
a transmon qubit [18]. In their proposal, a SQUID is required
for a two-photon drive. The second derives conditional single-
mode [15] and multi-mode [13] squeezing from an assumed
multiphoton—qubit interaction. Our study proposes an imple-
mentation of conditional single- and two-mode squeezing, on an
available circuit QED system without the need for extra hardware.

2 | Theory
2.1 | Single-Mode Squeezing Hamiltonian

We begin by analyzing a time-modulated coupling between a
qubit and a quantum harmonic oscillator and show that, within
an appropriate approximation, this interaction gives rise to a
conditional squeezing Hamiltonian. Subsequently, we demon-
strate that a standard dispersive Hamiltonian, as commonly
employed in circuit QED [7], can be driven to reproduce the same
modulated coupling.

Let us consider a system composed of a qubit and a quantum
harmonic oscillator coupled by a time-modulated interaction
described by

H. oy = ic0s(6Q1)(go,a — g*o_a’) —sin(6Qt)(go,a’ + g*0_a)
@

in the interaction picture. Here o, and o_ are the raising and
lowering operators of the qubit, a’ and a are the creation and
annihilation operators of excitations in the harmonic oscillator, g
is the coupling strength and §Q is the modulation frequency. This
coupling contains a Jeynes—Cummings (JC) [19] term modulated
by cos(6Qt) and an anti-JC term that is modulated by sin(§Qt).
We assume that Q> g, so that we can use the Magnus
expansion [20] to expand the Hamiltonian in orders of g/8Q. The

Magnus expansion up to third order is given by [21]

Hege(0) = 3, Hopy () )
HQ(®) = / dt,H(t,) 3)
0= [dn [ i) He) @

0=~ [dn [ an [ an . e,

+ [H(t3), [H(t,), H(t)]]) ©)

The approximated mean Hamiltonian integrated over one period
of 277 /6 is (for all calculations, see Ref. [22])

This effective Hamiltonian describes a conditional squeezing
interaction at a rate of g* /26 Q. We will detail how the modulated
coupling of Equation (1) can be generated on a circuit QED system
to achieve the conditional squeezing interaction of Equation (6).
This is accomplished by Rabi driving a qubit and applying
sideband tones to a coupled resonator mode. Notably, the same
scheme can be applied to trapped ions by simply employing the
appropriate sideband tones, in line with recent demonstrations
of continuous-variable entanglement between motional modes
using dynamically modulated spin-oscillator interactions [17].

We consider a transmon qubit dispersively coupled to a high-Q
mode of a superconducting resonator. We apply a Rabi drive to the
qubit and four sideband drives to the resonator. Assuming that the
Rabi drive is small compared to the transmon anharmonicity, the
higher levels of the transmon can be ignored and the transmon
is regarded as a qubit. In the frame rotating with the Rabi drive
frequency and with the resonator frequency the Hamiltonian
takes the form [22]

H= Hq + Hdrive + Hdisp

Q
Hq = TRo.x + TQO.Z
@)

Hgive = €(t)a +(t)*a’

Hgyp = %aza*a
where Q is the Rabi frequency, A, is a small detuning frequency,
x is the dispersive shift, and e(t) is the time dependent drive of
the resonator. We choose €(¢) to describe two pairs of symmetric
sidebands detuned from the resonator frequency by +Q + §Q as
depicted in Figure 1b and given by

e(t) = a, [(Q — 6Q) sin((Qy — 5Q)L)

— i(Qg + 6Q) cos((Qp + 5Q)L)] 8)
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FIGURE 1 | Scheme Overview. a A circuit QED system, composed of a Rabi-driven qubit, and a sideband-driven cavity mode (represented by an
LC circuit). b Frequency representation of the 4 sidebands drive around the resonance frequency of the cavity mode. ¢ A qualitative representation of a

Wigner function before and after application of the conditional-squeezing operation.

where @, is a complex displacement amplitude. This results
in a periodic displacement of the cavity mode in phase space,
according to

a(t) = ay,(sin((Qg + 6Q)t) —icos((Qr — Q) 9)

where we assume an initial state of —id,. This can be achieved by
applying a separate displacement pulse or shaping the waveform
of the sidebands pulse accordingly. By performing a displacement
transformation U(t) = D(a(t)) = exp(a(t)a™ — a(t)*a), Hygye is
eliminated and a — a — a(t), such that the interaction becomes

Hy, = —az [afa - a()a’ - a(t)a

10)
+ 1do2(1 + sin(26Q1) sin(2Q,1))]

We neglect the last term yo,|d,|? sin(25Qt) sin(2Qgt)/2 due to
the rotating wave approximation (RWA), under the assump-
tion that Qg > x|d,|?, and eliminate the AC Stark shift term
xlaol?o,/2 by setting A, = —x1a,|*/2.

We now go into the Hadamard frame by renaming o, < o,
and then go into the frame that oscillates at the Rabi frequency
by applying U(t) = exp (io,Qxt/2). These transformations elimi-
nate Hy,and map o, to g, e'*x' 4+ g_e~ =", By using the RWA again
to neglect all the terms that oscillate at or faster than Q; — §Q,
we arrive at the modulated coupling of Equation (1) [22]. The

interacts via JC interaction with the first resonator and via anti-JC
with the second resonator. In the experimental implementation
this means that the two upper sidebands are applied to one mode
and the two lower sidebands are applied to the other mode. First,
we consider the modulated coupling with two modes

HOWS =icos(6Q1)(go,a —g*o_a’)

n
—sin(6Qt)(go,b" + g*o_b)

where a and b are the annihilation operators of resonators A and
B, respectively.

Again, we use the Magnus expansion to approximate the mean

Hamiltonian over a time of 277 /8Q [22]. We obtain the Hamilto-
nian

Howone = 3350 (@Vab +gav’) +0( (&))@

which now describes conditional two-mode squeezing.
We now consider a system composed of a transmon qubit

dispersively coupled to two resonators or two modes of the same
superconducting cavity. The driven system is described by

HTMS HTMS +HTMS +HTMS

effective coupling strength is g = ya,/2, leading to a squeezing drive disp
rate of y2a;/86Q.
mvs _
H = 5ot 5o

(13)
2.2 | Two-Mode Squeezing Hamiltonian HI™ = ¢ ()a+ex(t) a’ + eg()b + e5(£)*b’
A very similar scheme can be applied to achieve conditional ;1;/;5 = %o’ ata + _o' b'b,
two-mode squeezing. The main difference is that now the qubit
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The drives are now separated such that the lower sidebands are
applied to the first mode and the upper sidebands are applied to
the seconds mode.

This is given by

. X
€a,b(t) = 1}(

a4y [(Qp — 8Q)e*i k=0
b (14)

_ (QR + 5Q)eii(QR+5Q)l]
such that each mode is periodically displaced by

al) = —idoliemk‘ cos(5Qt)
AXa
as)
b(t) = ia, X ie- %! sin(5Qr)
AB

where we assume that at time zero mode a is in coherent state
—id, and mode b is in the vacuum state. This ensures that both
modes are in the vacuum state in the displaced frame. To set
mode a in the right state we may start the drive on mode a
a quarter period before applying the other drives, or apply a
displacement pulse. We perform a displacement transformation
on each mode, that is defined by U(t) = D,(a(t))Dy(b(t)). This
eliminates H;""® and takes a — a —a(t) and b — b — b(t). We
obtain the Hamiltonian

1 - = *
Hiet = so.[xad'a - xaata’ - yaa() a

+ xsb™b — xpb()b" — xpb(t)*b
+ 18012 x*(1/ xa — 1/ xp) cos (28Qt)/2

+aoPx*A/ xa +1/x8)/2]

(16)

We eliminate the AC Stark shift term by setting A, =
—lay|*x*(1/xa + 1/ xs)/2, but, unlike the single mode case,
we are left with another time dependent term that comes from
the difference in coupling strengths y, — x3. This term will soon
be eliminated by the RWA after the following transformation.
We go to the Hadamard frame and the frame rotating at the Rabi
frequency, and neglect all the terms that oscillate at or faster than
Qg — 6Q, to reach the modulated coupling of Equation (11) [22].

2.3 | Squeezing Limitations

We wish to quantify the maximum squeezing amplitude before
our approximations break down and further squeezing is
impeded. We will give a rough estimate for the maximum photon
number that can be stored in the generated squeezed state.

The RWA that was used to approximate the full driven Hamil-
tonian of Equation (10) to get the modulated coupling of
Equation (1), can only be applied under several assumptions.
Some of the assumptions regard dynamic values that depend on
the state of the system at any given time. Mainly, the number
of photons in the resonator. We demand that Qg > yn/2 and
Qr > xla| \/ﬁ /2, where n is the photon number. Therefore, our
squeezed state is limited in size by roughly n < 2Q;/y and n <
(2Qg/xa,1)?, before high order terms come into effect. As the

Rabi frequency Qy must be smaller than the anharmonicity of
the transmon to prevent population of higher excited states, we
must limit y and ya,. Naively, it seems one can minimize y while
keeping ya, constant by increasing the sideband amplitudes
a,. However, experimental restriction limit the sideband drive
amplitudes to about 400 MHz [7], so that g, is limited to about
400MHz - 27 / Q.

Another limitation on the photon number of the squeezed state
comes from the estimation of the conditional squeezing Hamilto-
nian using the Magnus expansion (Equations (6) and (12)). For the
approximation to hold, the interaction strength ya, \/ﬁ /2 must
be smaller than the detuning §Q. This roughly sets the limit on
the photon number as n < (25Q/ya,)*. When these limits are
reached we must consider the next order term in a,y/dQ [22],
that is given by
iy3

= 350

a,(dé(a"’)3 + dldo|*(a + a"'a2)> +HC (17)

3 | Results and Discussion

We simulated the full dynamics in the displaced frame, as
captured by H, + H (’ﬁsp for single-mode squeezing (Equation (10))
and H, +H£$S for two-mode squeezing (Equation (16)) (the
simulations code is available at [22]). This allowed us to keep
the Hilbert space of the resonator small relative to the undis-
placed frame, without applying any approximations. We also
simulated the modulated coupling of Equation (1) for single-
mode squeezing and Equation (11) for two-mode squeezing. In
addition, we simulated the conditional squeezing Hamiltonian
of Equation (6) for single-mode squeezing and Equation (12) for

two-mode squeezing.

The simulation results should be reproducible in an experiment
on current systems comprising a long-lived harmonic oscillator
dispersively coupled to a qubit. One may measure the Wigner
characteristic function of a single mode [7], or the joint-Wigner
characteristic function of two modes [23].

3.1 | Preparation of Single-Mode Squeezed
Vacuum

Figure 2a shows a 2D sweep of the maximum squeezing over
6Q and g under the full evolution of the driven system. We
set y/2m = =50 kHz, which is usual for a memory mode in
circuit QED [7, 24], and Q /27 = 40 MHz, which can be realized
experimentally [25]. Figure 2c shows the time evolution of the
squeezed state and the state of the qubit, for the optimal squeezing
parameters of g/27 = 0.16 MHz and §Q/27 = 1.6 MHz found
in Figure 2a. The maximum achieved squeezing is about 13.5
dB, slightly lower than the highest demonstrated intra-cavity
squeezing in circuit QED [9]. However, our setup does not require
Kerr nonlinearity, which leads to state distortion [7]. The highest
demonstrated intra-cavity squeezing in a negligibly weak Kerr
nonlinearity setup was 11.1 dB [7]. As we did not consider the
effects of decoherence, achieving the simulated result in an exper-
iment would be challenging, but not impossible. The squeezing
was generated after about 20 us, shorter than the lifetimes of
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constant. Every point is the maximum squeezing over a simulation of 20 us. The Optimal squeezing parameters were used for b, ¢ and d. b Wigner

functions for different points in time. ¢ Time evolution of squeezing (top) and expectation value along the Z axis of the effective Rabi driven qubit

(bottom). The evolution of the three cases, full driven system (blue line), the modulated coupling of Equation (1) (red line) and the approximated
squeezing of Equation (6) (dashed black line), match until approximations cease to hold at high photon numbers. When that happens, the qubit begins

rotating and the squeezed axis changes, limiting the squeezing amplitude.

current state-of-the-art transmon-cavity setups by an order of
magnitude [26]. Furthermore, the Rabi drive in this squeezing
scheme provides dynamic decoupling of the qubit from low fre-
quency noise sources and therefore increases the dephasing time.

3.2 |
States

Preparation of Superposition of Squeezed

We simulated evolution of the fully driven system with the
optimal parameters from Figure 2a when the qubit is initialized
in[+)=(lg)+1e))/ \/5 The idea here is to show the conditional
nature of the operation. Specifically, to generate entanglement
between the qubit and the oscillator such that we will end up with
a state of the form

entangiea) = CS(E) | +,0) = %(Ie, £ +lg-£)  (8)

where the conditional squeezing operation is defined by CS(§) =
S(0.8) = le) (el ® S(&) + |g) (g ® S(=&), with S(¢) the standard
squeezing operator. Figure 3 shows that the state of the composite
system does become entangled and the squeezing direction is
clearly conditioned on the state of the qubit. However, the higher
order effects, captured in Equation (17), quickly interfere with
the conditional squeezing, thus limiting the amplitude of the
superposition of entangled squeezed states to about 4 dB.

3.3 | Preparation of Two-Mode Squeezed Vacuum
We simulated the dynamics of a two-mode squeezed
vacuum evolving under our continuous squeezing scheme
with the qubit initialized in |g) (See Figure 4). We clearly
observed the characteristic simultaneous squeezing of the

15 A

10 1

Squeezing [dB]

-10 1

_15 4

0 5 10 15 20
Time [us]

FIGURE 3 | Conditional single-mode squeezing. The squeezing of
the X (blue) or Y (red) quadratures post-selected on the qubit state
being |g) or |e), respectively. The black solid line represents the approx-
imated conditional squeezing of Equation (6) and the black dashed
line represents the dynamics of the same Hamiltonian but with the
added higher order terms from Equation (17). The inset shows the fast
oscillations between squeezing and anti-squeezing of the two quadratures
conditioned on the state of the qubit. The oscillations are anti-phase
locked, making it so both quadratures are never squeezed together, except
for small squeezing amplitudes.

X,=X,+X,=(a"+a+b"+b)/2 and
i(a" —a+b" —b) /2 quadratures.

P,=P,+P, =
4 | Universal Control Using Controlled-Squeezing

Universal control of a system is the promise that repeated
applications of Hamiltonians from a given set can generate all
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FIGURE 4 | Generation of two mode squeezed vacuum. a The time
evolution of the squeezing amplitude of the sum and difference of
quadratures of the two modes. b A 2D cut of the joint-Wigner function
of the two-mode squeezed state for the maximal squeezed state with
12.1 dB of squeezing, achieved after about 33 ps. The dashed black circles
represent the variance of the squeezed state (small) and the variance of a
vacuum state (large).

unitary operations from within the Hilbert space of said system
[27]. To learn what operations can be effectively generated by
repeatedly applying controllable Hamiltonians, one needs to
explore the span of operators created by commutations-relations
and linear combinations of existing operators [27]. Universal
control of the quantum harmonic oscillator cannot be achieved
with only displacement and squeezing operations [28], but here
we show that with the addition of our suggested controlled-
squeezing operation, full control can be achieved, allowing the
creation of all Bosonic states.

The commutator of conditional-squeezing (p? —g*)o, and
unconditional-squeezing p? is a new conditional-squeezing
operator [(p? - ¢?) 0,,p?| =20, — 2ipqo,. Combining this
with basic qubit operators and scaling, yields the Hamiltonian
pqo,. Interestingly, commuting this with simple displacement
operators results in effective controlled-displacement [7],
[23] operators [pqo,,q] = —iqo, and [pqo,,p]l=ipo,. By
rotating the qubit before and after controlled-operations,
we effectively change the qubit’s axis through which the
operation is determined: [(p*—g*)o,,0,] =i(p* - ¢*)o, and
[qo.,0.]= iqo,.

While g and p operators to the 2" power cannot provide
higher polynomials by themselves [28], the conditioned-operators
can. For example: [qo,,q0,| = ig’c, and [¢%c,,q0,| = ig’c,.
In the same way, richer polynomials can be generated like
[¢°c,, po,| = ig’po, +ipq’c,. Operators that act only on the
harmonic-oscillator can be achieved, as is evident by deriving

commutation-relations between two controlled-operations. For
example [¢°po,, po,| = 3ig’p.

5 | Conclusion

We have presented a novel scheme for the continuous intra-cavity
generation of both single- and two-mode squeezed states using
a Rabi-driven qubit dispersively coupled to quantum harmonic
oscillators. By engineering a modulated Jaynes-Cummings inter-
action through Rabi and sideband drives, our approach enables
conditional squeezing, in which the squeezed quadrature is
directly linked to the qubit state.

While our simulations predict significant squeezing levels-up
to 13 dB for single-mode and 12 dB for two-mode squeezing—
the amplitude of the squeezed superposition remains limited
by higher-order effects. This highlights a couple of promising
directions for future research: (i) alter the scheme to mitigate
high-order corrections and enhance the effective squeezing, (ii)
extending the method to multi-mode systems for more complex
quantum state engineering. In summary, our work lays a strong
foundation for exploring conditional squeezing as a versatile tool
in advanced quantum architectures.
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