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Polarization Shaping of Free-Electron Radiation by Gradient
Bianisotropic Metasurfaces

Liqiao Jing, Xiao Lin, Zuojia Wang,* Ido Kaminer, Hao Hu, Erping Li, Yongmin Liu,
Min Chen, Baile Zhang, and Hongsheng Chen*

Free-electron radiation phenomena facilitate enticing potential to create light
emission with highly tunable spectra, covering hard-to-reach frequencies
ranging from microwave to X-ray. Consequently, they take part in many
applications such as on-chip light sources, particle accelerators, and medical
imaging. While their spectral tunability is extremely high, their polarizability is
usually much harder to control. Such limitations are especially apparent in all
free electron based spontaneous radiation sources, such as the
Smith−Purcell (SP) radiation. Here, anomalous free-electron radiation
phenomenon is demonstrated at the microwave regime from gradient
bianisotropic metasurfaces, by using a phased dipole array to mimics moving
charged particles. The phase gradient and the bianisotropy in metasurfaces
provide new degrees of freedom for the polarization shaping of free-electron
radiation, going beyond the common spectral and angular shaping.
Remarkably, the observed anomalous free-electron radiation obeys a
generalized SP formula derived from Fermat’s principle.

1. Introduction

Free-electron radiation,[1] such as Cherenkov radiation,[2–8] tran-
sition radiation,[9–12] and Smith−Purcell (SP) radiation,[13–20] is
of paramount importance to fundamental science. Free-electron
radiation also enables many practical applications, including
ultracompact light sources,[21–27] particle detectors,[9,28] particle
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accelerators,[29–31] bioimaging, and secu-
rity detection.[32] Three basic and key
features for free-electron radiation are
the angular frequency 𝜔 (or the wave-
length 𝜆 = 2𝜋c∕𝜔), the radiation an-
gle 𝜃, and the polarization of emitted
light (Figure 1), where c is the speed
of light in free space. Rapid progress in
the realm of free-electron radiation has
fuelled a quest for the flexible shaping
of all these features. Nanostructured pla-
nar lenses can provide ultrafast electro-
magnetic radiation with tunable illumi-
nation angle and focal length.[33] Vortex
field radiation can be generated by us-
ing photon-sieve structures[34] and heli-
cal metagratings.[35] However, the very
important polarization shaping for free-
electron radiation[36,37] remains a long-
standing challenge in experiments that
is highly sought after due to its potential

to enable more advanced applications. Here, we experimen-
tally report the polarization shaping of SP radiation, along with
the common spectral and angular shaping,[38] at the microwave
regime by using a gradient bianisotropic metasurface (Figure 1).
Ever since the first observation in 1953,[13] SP radiation has

become a well-known phenomenon of free-electron radiation. It
has the capability of generating light in such frequency ranges as
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Figure 1. Schematic of the polarization, angular, and spectral shaping
of free-electron radiation from gradient bianisotropic metasurfaces. Here
and below, a uniform sheet of electronsmoves with a velocity v̄ = ẑ v along
a trajectory parallel to the metasurface plane, where v = 0.35c. The radia-
tion angle 𝜃 is the angle between the y axis and the wavevector of emitted
light.

terahertz, deep ultraviolet, and X-ray,[18,23,39] which are difficult
to reach through other technologies. Consider a swift electron
moves with the velocity v̄ = ẑ v along a trajectory parallel to the
surface of periodic structures (e.g., the grating) with a pitch p;
the conventional SP radiation is governed by the celebrated SP
formula,[13] that is,

sin 𝜃 = c
v
−m𝜆

p
(1)

where m is the integer diffraction order, 𝜆 is the wavelength of
radiatedwaves. The SP formula has beenwell tested in numerous
experiments and provided useful guidance for on-demand design
of tunable radiation and various applications.[16,17,32,35,38,40–43] On
the other hand, it is recently theoretically shown that the advent
of gradient metasurfaces[44–48] provides new degrees of freedom
for themanipulation of free-electron radiation.[49] For example, if
we introduce the phase gradient or phase discontinuity into the
periodic structure (i.e., the gradient metasurface), Equation (1)
can be generalized into

sin 𝜃 = c
v

−m𝜆

p
+ 𝜆

2𝜋
⋅
d𝜑
dz

(2)

where d𝜑
dz
is the phase gradient along electron’s propagation direc-

tion. Note that the reflection and refraction from gradient meta-
surfaces follows the generalized diffraction laws derived from
Fermat’s principle (i.e., the trajectory between two points taken
by a ray of light is that of the least optical path);[46] such ex-
otic phenomena are denoted as the anomalous reflection and
refraction in the literature.[44–46] By following such terminology,
Equation (2) is denoted as the generalized SP formula. However,
the experimental confirmation of the generalized SP formula re-
mains seldom explored, despite the intriguing potential of gradi-
ent metasurfaces in shaping the light emission.
Here, we experimentally observe the anomalous free-electron

radiation phenomenon from gradient bianisotropic metasur-
faces. The excellent agreement between our experimental and
theoretical results successfully verifies that the observed anoma-
lous radiation phenomenon obeys the generalized SP formula,

Figure 2. Experimental, numerical, and analytical study of the anoma-
lous free-electron radiation phenomenon obeying the generalized
Smith−Purcell (SP) formula. a) Experimental sample of the gradient bian-
isotropic metasurface (top panel), along with the structural schematic of
its super cell consisting of eight unit cells (bottom panel). In each unit
cell of the middle layer, the symmetric split ring has an open angle 𝛼,
and the central line of the opening (red dashed line) is azimuthally ro-
tated by an angle 𝛾 with respect to the x axis. b) Radiation angle 𝜃 as a
function of the frequency 𝜔∕2𝜋 at three typical phase gradients d𝜑∕dz,
namely d𝜑∕dz ⋅ p = ± 𝜋∕4 or 0, where p is the pitch of metasurface. The
analytical lines are calculated according to either the regular SP formula
in Equation (1) or the generalized SP formula in Equation (2), where the
diffraction order is m = −1; the numerical data are extracted from the
CST simulation; the experimental data are extracted from Figure 4. The
phase gradient provides an extra degree of freedom for the spectral and
angular shaping of emitted light.

instead of the regular SP formula, if the phase gradient is
nonzero (Figure 2). The phase gradient in the generalized SP
formula thus provides an extra degree of freedom to facilitate
the spectral and angular shaping of free-electron radiation. More-
over, while both Equations (1 and 2) only describe the relation be-
tween the radiation angle and the frequency of emitted light, we
find that the bianisotropy in gradient bianisotropic metasurfaces
can also provide an extra degree of freedom to facilitate the po-
larization shaping. Therefore, our work indicates that the gradi-
ent bianisotropic metasurface can provide a promising powerful
platform for the flexible control of free-electron radiation.

2. Results

The anomalous free-electron radiation from a gradient bian-
isotropic metasurface is schematically shown in Figure 1. Con-
sider a uniform sheet of moving electrons; the induced current
density in the time domain is J̄ (r̄, t) = ẑ qv𝛿(y − y0)𝛿(z − vt),[9,10]

where q is the charge. After the Fourier transformation, the
induced current density in the frequency domain can be ex-
pressed as J̄ (r̄,𝜔) = 1

2𝜋
∫ J̄(r̄, t)ei𝜔tdt = ẑ qv

2𝜋
𝛿(y − y0)e

ikzz, where
kz = 𝜔∕v.[9,10] Such a form of current density in the frequency
domain can be effectively mimicked by the phased dipole array
(Figures S1–S3, Supporting Information), which can be further
effectively generated for example by the slot waveguide, as
verified[9]. On the other hand, the radiated power from electrons
at the microwave frequency is generally small. To facilitate the
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experimental observation of the anomalous radiation phe-
nomenon, the slot waveguide is used to imitate the moving
electron sheet in the microwave experiments, while the realistic
moving electron sheet is used in the analytical calculation and
numerical simulation.
Figure 2a schematically shows the structure of gradient bian-

isotropic metasurfaces used in the experiment. To be specific,
the gradient bianisotropic metasurface has a pitch p = 20 mm
and consists of three metallic layers. The three metallic lay-
ers are separated by two F4B dielectric slabs. For each dielec-
tric slab, it has a thickness of 4 mm and a relative permittivity
of 𝜀r = 2.65 + 0.01i. For metal, the copper with a conductivity
𝜎 = 5.8 × 107 S/m and a thickness of 0.035 mm is adopted.
Both the top and bottom layers are one-dimensional (1D)metallic
gratings. These two sets of gratings are orthogonal to each other,
and the neighboring metal strips are separated by an air gap of
9 mm. We add the phase gradient and the bianisotropy in the
middle layer, whose super- cell consists of eight unit cells (Fig-
ure S4, Supporting Information). Each unit cell is composed of
a symmetric split ring resonator connected by a cut wire, where
𝛼 represents the open angle of the symmetric split ring and 𝛾 is
the azimuthal rotation angle of unit cell. Accordingly, the arbi-
trary phase gradient in the middle layer can be effectively con-
structed by gradually varying the values of 𝛼 and/or 𝛾 (Figure S5,
Supporting Information).
We now proceed to the verification of the generalized SP for-

mula, by directly comparing the analytically, numerically, and ex-
perimentally obtained relations of the radiation angle and the
frequency in Figure 2b. Within the studied frequency range in
Figure 2b, the moving electron has a velocity v = 0.35c, and
its trajectory is 0.5 mm beneath the metasurface plane. Without
loss of generality, the analytical, numerical, and experimental re-
sults are given at three typical phase gradients of the metasur-
face, namely d𝜑

dz
⋅ p = 0 or ± 𝜋

4
. For the cases with d𝜑

dz
⋅ p = 0

and d𝜑
dz

⋅ p ≠ 0, the analytical results are calculated according to
the regular SP formula in Equation (1) and the generalized SP
formula in Equation (2), respectively. For conceptual demonstra-
tion, only the diffraction order m = −1 in Equations (1 and 2)
is considered. Numerical data are extracted from the field distri-
bution of emitted light via the particle-in-cell simulation through
the commercial software CST (Figure 3a-c and Figure S6, Sup-
porting Information), by using a finite-size electron sheet. Exper-
imental data are extracted from the field distribution on top of
a slot waveguide via microwave measurements. All cases in Fig-
ure 2b show the excellent agreement between the experimental,
numerical, and analytical results. Importantly, Figure 2b shows
that if d𝜑

dz
⋅ p ≠ 0, the SP radiation would not obey the regular SP

formula but is governed by the generalized SP formula.
Figure 3 numerically shows the field distribution of emitted

light at 5.25 GHz, where the field propagation direction is gov-
erned by the generalized SP formula. In order to clearly demon-
strate the influence of phase gradient on the light emission, we
set the pitch of metasurface to be p = −mv𝜆∕c at 5.25 GHz,
where m = −1. This way, Equation (2) is simplified to sin𝜃 =
𝜆

2𝜋
⋅ d𝜑
dz
. That is, if d𝜑

dz
= 0, the propagation direction of emitted

light would be perpendicular to the metasurface plane (Figure
3b). If d𝜑

dz
> 0, the emitted light propagates to the +ẑ direction

(e.g., d𝜑
dz

⋅ p = + 𝜋

4
in Figure 3a). In contrast, if d𝜑

dz
< 0, the prop-

Figure 3. Numerical simulation of the anomalous free-electron radiation
phenomenon at 5.25 GHz. The trajectory of the electron sheet (green line
in each panel) is 0.5 mm beneath the metasurface plane (yellow line).
a) Gradient bianisotropic metasurface with d𝜑∕dz ⋅ p = + 𝜋∕4. b) Meta-
surface without gradient and bianisotropy, namely the grating. c) Gradi-
ent bianisotropic metasurface with d𝜑∕dz ⋅ p = − 𝜋∕4. The simultane-
ous existence of phase gradient and bianisotropy in the metasurface pro-
vide extra degrees of freedom for the polarization, spectral, and angular
shaping of free-electron radiation.

agation direction of emitted light becomes to the −ẑ direction
(e.g., d𝜑

dz
⋅ p = − 𝜋

4
in Figure 3c).

Moreover, Figure 3 numerically shows the polarization of emit-
ted light can bemodulated by the gradient bianisotropicmetasur-
face. For the case of d𝜑

dz
= 0, one may use the three-layered meta-

surface by setting its middle layer to have 8 same unit cells in
the super cell. Alternatively, one can directly use the 1D metallic
grating (e.g., the bottom layer of the three-layered metasurface)
for simplicity (Figure 3b). For the grating (or periodic direction)
along the z direction, the conventional SP radiation has its elec-
tric field always polarized along the z direction (Figures 3b and
Figure S7, Supporting Information). The underlyingmechanism
is that the spatially extended interaction between moving elec-
trons and the grating along the z direction can effectively create
a bunch of electric dipoles only oscillating along the z direction.
In contrast, for the cases of d𝜑

dz
≠ 0, the anomalous SP radia-

tion has the electric field mainly polarized along the x direction
(Figure 3a,c) and Figure S7, Supporting Information). In other
words, the polarizations of emitted light in Figure 3a,b,c are al-
most perpendicular to each other. Such an exotic polarization
shaping phenomenon of emitted light is enabled by the bian-
isotropy in the middle layer of the designed three-layered meta-
surface. That is, the bianisotropic middle layer can efficiently
transform the emitted Ez fields from the bottom layer to their
cross-polarized ones (i.e., Ex), when the emitted light passes
through the middle layer. We highlight that the top or bottom
grating layer is specially designed to behave like a non-perfect
polarization filter within the studied frequency range (Figure S8,
Supporting Information). In other words, the two perpendicular
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Figure 4. Experimental observation of the anomalous free-electron radia-
tion phenomenon. a) Experimental measurement setup (Figure S9, Sup-
porting Information). In the microwave experiment, a slot waveguide is
used to effectively generate the phased dipole array, which can mimic the
evanescent fields carried by the electrons moving along the +ẑ direction
at the studied frequency (Figures S1–S3, Supporting Information). b–j)
Measured field distributions of emitted light in the yz plane. The meta-
surface is located at the y = 0 plane. The working frequency is 5.1 GHz
in (b,e,h), 5.25 GHz in (c,f,i), and 5.4 GHz in (d,g,j). The phase gradient
is d𝜑∕dz ⋅ p = + 𝜋∕4 in (b–d), d𝜑∕dz ⋅ p = 0 in (e–g), and d𝜑∕dz ⋅ p =
− 𝜋∕4 in (h–j). The measured electric field of emitted light is mainly po-
larized along the x direction in (b–d, h–j), while it is polarized along the z
direction in (e–g).

gratings cannot induce the polarization shaping. As a clear evi-
dence, if the middle layer in Figure 3a,c is removed, the emitted
light in the y > 0 region would possess the negligible Ex field (but
weak Ez field) (Figure S8, Supporting Information), due to the
negligible coupling of cross-polarized light between the two per-
pendicularmetallic gratings. Therefore, themiddle layer with the
phase gradient and the bianisotropy plays a key role in the polar-
ization shaping of emitted light, besides the spectral and angular
shaping.
Figure 4 shows the experimental observation of the anomalous

SP radiation. The experimental measurement setup is shown in
Figure 4a and Figure S9 (Supporting Information). In the mi-
crowave experiment, the slot waveguide is placed 0.5 mm be-
neath the bottom layer of metasurface. Due to the advanced mi-
crowave technology, the amplitude and phase of emitted light can
be simultaneously measured by using the near-field scanning
platform in an anechoic chamber.[50,51] In Figure 4b-j, three typ-
ical metasurfaces with the phase gradient d𝜑

dz
⋅ p = 0 or ± 𝜋

4
are

experimentally tested at three different frequencies, namely 5.1,
5.25, and 5.4 GHz.
Regarding the spectral and angular shaping of emitted light,

the radiation angle is changed from 16◦, −6◦ to −28◦ at 5.1 GHz
in Figure 4b,e,h, from20◦o, 0◦ to−20◦ at 5.25GHz in Figure 4c,f,i,
and from 25◦, 5◦ to −16◦ at 5.4 GHz in Figure 4d,g,j, if the phase

gradient d𝜑
dz

⋅ p in the metasurface varies from + 𝜋

4
, 0 to − 𝜋

4
. To

facilitate the direct comparison, the relation of the radiation an-
gle and the frequency is extracted from the measurement in Fig-
ure 4b-j and added in Figure 2b. From Figure 2b, these measured
results are in very good agreement with the theoretical predic-
tion. As such, our microwave observation successfully proves the
validity of the generalized SP formula.
Regarding the polarization shaping of emitted light, the mea-

sured electric field is polarized along the z direction if the 1D grat-
ing is used (Figure 4e-g), and it would be dominantly polarized
along the x direction if the gradient bianisotropic metasurface is
used (Figure 4b-d, h-j). These measured results are in very good
agreement with the simulation results in Figure 3 and Figure S6,
Supporting Information. Our experiment thus proves the capa-
bility of gradient bianisotropic metasurfaces in the polarization
shaping of free-electron radiation. Note that the phase gradient is
not a necessary condition to realize the polarization shaping.[36]

3. Conclusion

In conclusion, we have observed the anomalous free-electron ra-
diation phenomenon, which obeys the generalized SP formula
derived from Fermat’s principle, from gradient bianisotropic
metasurfaces.Moreover, we have experimentally observed the po-
larization shaping of free-electron radiation using gradient bian-
isotropic metasurfaces, along with the angular and spectra shap-
ing. The polarization shaping of light emission goes beyond the
description of the generalized SP formula. The revealed tech-
nique for the flexible shaping of free-electron radiation should be
applicable in other frequencies ranging from terahertz to ultravi-
olet. Therefore, our work further indicates that the gradient bian-
isotropic metasurface can provide a promising versatile platform
for the flexible manipulation of free-electron radiation and may
boost the development of future on-chip nanophotonic circuits
and devices, such as on-chip free-electron light sources (with con-
trollable polarization, frequency, and propagation direction), as
well as miniaturized particle accelerators, and novel sensing and
diagnostic devices.

4. Experimental Section
Numerical Simulation: The particle-in-cell studio in the commercial

software CST was used for the numerical simulation of SP radiation in this
work. Acceleration voltage was 35 kV and 0.5 A sheet electron beam was
used in the simulation. The cross-section of the electron sheet was 60 ×
0.5 mm, the rise time was 0.1 ns, and the electron velocity was v = 0.35c.
In order to accelerate the numerical simulation and save the CPU mem-
ory, the designed metasurface was composed of 3 × 16 unit cells along x
and z directions, respectively. The boundary conditions at x, y, and z direc-
tions were all set to be open boundary conditions. The distance between
the electron trajectory and the metasurface plane was 0.5 mm. An external
magnetic field with Bz = 1 Tesla was applied to spatially bound the electron
beam so that the electron beam would move straightforward along the z
direction.

Experimental Apparatus and Setup: The detailed measurement setup
is shown in Figure S9 (Supporting Information). In the microwave experi-
ment, an Agilent network analyzer and a two-dimensional near-field scan-
ning platformwere employed. The constructed slot waveguide in Figure 4a
was built by the aluminum and had a dimensions of 60 ×12 × 400 mm; its
slot size was 60 × 2 mm. The transverse electric (TE) mode in the slot
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waveguide (Figure S2, Supporting Information) was used to effectively
generate the phased dipole array, which could further mimic the evanes-
cent fields carried by the moving electrons at the studied frequency. An
additional gradient waveguide was added at the input-port side of the slot
waveguide (or left side in Figure 4a) so that the TE10 mode in the slot
waveguide could be selectively and efficiently excited. To be specific, for
the gradient regular−regular waveguide transducer (Figure S3, Supporting
Information), its input port was judiciously designed to only support the
TE10 mode within our studied frequency range; moreover, both its width
and height were gradually varied along the z direction, so that the excited
TE10 mode at the input port of the gradient waveguide could be efficiently
transformed into the TE10 mode inside the slot waveguide. The gradient
bianisotropic metasurfaces had a dimension of 60 × 4.105 × 320 mm, and
they were fabricated using the PCB technology (Figure 4a).

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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