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Supplementary Note 1 — Quantum theory of electron—cavity-photon

interaction

In the following section, we will present a complete quantum theory of a free
electron interacting with a photonic cavity mode, in which both the electron and the
cavity mode are quantized. The electron is described by a quantum wavefunction and
the cavity mode is described by second quantization. We show how to get the
conventional photon-induced near-field electron microscopy (PINEM)! expression
from the complete quantum theory. We further extend the theory to a time-dependent

interaction of an electron pulse with a time-dependent cavity photon population trapped

in a resonant photonic structure. Our theory is based on the classical-field formalism?"

4 and its quantum generalization developed in very recent works™¢. Using this theory,
we analyze for the first time the full scenario of a general quantum electron interacting
with a general cavity state.

We begin from writing a Schrodinger equation for the electron. The interaction

Hamiltonian can be written as Hip,, = (e/m)p - A with a vector potential whose z

component is connected to the electric field phasor as A,(t) = E,(2)(2/w) sin(wt).
Under the slowly-varying envelope approximation, we can multiply the above by
additional terms to account for two phenomena: (1) The finite lifetime of the cavity; (2)

The finite temporal laser pulse. These can be described by the common frequency

1/72

dependence of (1) a Lorentzian w)iije?

using (1 as the frequency dependence

e e . “152(0-w)?
and 7 as the cavity lifetime, and (2) a Gaussian e 2"t

with o; as the temporal
laser pulse width. These two terms are multiplied in the frequency domain, resulting in
an additional time-domain convolution term of A,(t) =

E,(2)(2/w) sin(wt) [e‘tz/"f*u(t)] with u(t) the Fourier transform of the

Lorentzian.

The interaction Hamiltonian in terms of creation and annihilation operators for the



electron'? and the field*® can be written as:

2hv
Hipe = - (géubTa + gouba®) sin(wt), (1)

where L is the characteristic length, v is the electron’s velocity, and w is the photon
frequency. The parameter gg, is the quantum coupling strength (generalizing ref®), the
quantum equivalent of the dimensionless coupling strength of the conventional PINEM
formalism?>3 B . By taking into consideration the slowly varying envelope and

assuming a short interaction length, we get:

1 272 1 272 _i%2,
ou(t) = mﬁ[e_t /ot xu(t)] = a%[e't /ot *u(t)]sz(z)e vidz, (82)

where we associate the electric field to a coherent photonic state |a), i.e., a Fock-state

superposition with the following Poisson distribution:

[ee]

=" e‘%'“”%w . (s3)

n=0
The cavity field’s creation and annihilation operators a, and the electron raising
and lowering operators b obey the following relations:

b|Ey,n) = |Ex_q,1)
bt|Ex,n) = |Exs1,n)
alE,n) = Vn|E,n—1) '
at|E,n) = Vn+ 1|E,n+ 1)

(54)

where |Ej) represents an electron of energy E, + khw,, for some arbitrarily chosen
baseline energy E,; |n) represents the photonic Fock state of index n and |E, n) =
|Ex) ® |n).

The full scattering matrix is
A i ("
S(t) =T exp _Ef &(ba® + bta)dt'|, (S5)

where &(t') is the slowly-varying coupling strength with units of energy, and T is



the time-ordering operator. The slow envelope approximation allows us to define
b(t) = be~@t" and a(t) = ae~t and to pull their operator products bat and
bTa out of the integral. This separation allows us to remove the time-ordering operator
and get S = e9ouba’-goub Jra, where g, holds the slowly-varying time-dependence,
while letting us work algebraically with the non time-dependent a and b. We can now

use this scattering matrix to evaluate the transition probabilities Ppr i, =
~ N2
|(Eicrn[$[Ewr, )"
To describe the most general electron—cavity photon state, we employ a density

matrix description. We start from the general electron—cavity photon pure state that is

an arbitrary superposition of the |Ej,n) states, defined by a set of coefficients c( ).

)= > 1B, (56)

k= —oo,
n=0

Using the Zassenhaus formula, we can expand the $ matrix and write it as

Sy |90u| Z (- gQu')lngu (bta)™(ba®)". (57)

m,l=0
The state of the system described in Eq. S6 is a pure state and therefore its density
matrix is simply given as p® = |;}t;|, which results in the matrix elements

(i) (@

*
Prnk'n' = Chn \Ci/ n,) . Now, to retrieve the transition probabilities, we can use the

creation and annihilation operators and calculate the S matrix elements

SAknk'n' = <Ek'n|§|Ek"n’)

IyQuI |gQu| (n + [ + max{0,n —n})!
ol Z Sernicisn’ - (S8)

! (l + [n' —n!vVn'In!
The final state i) is the result of the scattering matrix S acting on [i;). This

means that we can write the density matrix for the final state p(?) by:
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PP = [ )y | = StpoyulST = Sp@ST. (59)
This expression is correct for any general density matrix for the initial state p®.

Solving for the final density matrix pU” we can formulate the following expression:

N
pkn kK'n' T

k+n

Z IgQuI |k . (—|gQu| ) (n+ 1+ max(0,k — x))! o .
ka+n—x

Y—— — N+ k—xDtyn!(k+n—-x)! 7~

k'+n'

z |9Qu| |kl xlz |gQu| (n' +1+ maX(O k' — X))'
U+ [k —xD!n't (K +n' —x))! |

xX=— @
The density matrix allows us to find the electron—cavity photon probabilities
Pyn = Prnikn and we get:

|2
Ck n

kin kx| @
+ 1+ 0,k— !
= engulz |gQu| § gQu (n max{ x}) Cx,k+n—x (511)

e = L+ |k =xD!yn! (k +n—2x)!

So far, we left all derivations as general as possible, solving for any initial electron
state and any initial photon cavity state (or their combination p®). We now want to
retrieve the simple case of a PINEM interaction and obtain the known PINEM
probabilities for our scenario. We will begin by picking a specific initial electron—
cavity-photon state: a baseline energy electron and a cavity of a coherent state |a), as
defined in Eq. S3, resulting in:

W _ o a”

Cen=¢€ 2 \/75“ (512)

Plugging this initial state into Eq. S11, and noting the time dependence of gg,,, We get:

(510)



Pk,n =
2
IgQul “1al? gy Kk +n |gQu| (n+l+max{0,k})!

Vn! (k| + D! (k +n)! '

=0

0, k+n<o0

Next, we focus on the case of |ggy| < 1, which means that the quantum coupling
strength is weak (note that the conventional PINEM field £ can still be very strong,
e.g., » 1). Theresultof |gg,| < 1 is that the discrete electron energy change is much
smaller than the number of photons in the field (Jk| < n). Therefore, we may neglect
k (in its various forms) wherever it is summed with n. Focusing on the summation
term, and using the definition B [e‘tz/ oL x u(t)] = Joulal = gouVn and Stirling’s

formula, we can simplify Eq. S13:

(~l9aul?) (n+ 1+ max(o,ep: . (~lgeul”) 401 i}

U (k| + D! (k +n)! Tkl +D! n!
2 l
(~lgoul” ) (=1Ble="/7t +u®]]') (514)
MDA (k| + D! ’
which results in
(clgle=ctet ewcol) |
- e * U
— olagul*~lal? gQu z
Pien = e AED] (515)
The magnitude of ggq,, is approximately:
2 [k
2|B[e of % u(t)
gk el [ - ] (516)

2
Since we have |gQu| « 1, then elooul” ~ 1, Substituting Eq. S16 into Eq. S15,

and using the above approximation, we finally get:



2
|2 0["

N (517)

Pk,n =]|2k|(2|ﬂ|[€_t2/az * u(t)]) |e_%la

We notice that in fact the electron and photon states are now separable, and we can
extract the electron probabilities, corresponding to the known PINEM expression!®-12,
P, = ]|2k| (2| Bl [e‘tz/ oL x u(t)]), but also accounting for the finite cavity lifetime and
finite electron pulse width. The function u(t) can be calculated as the Fourier
transform of a Lorenzian u(t) = O(t)e~t/7/t, describing an exponential decay
following the lifetime 7 of the photonic mode, where O (¢) is the Heaviside step

function. The electron probability to be at an energy state k is therefore

P = JR(21Ble ™"/t « (0()e™/" /1)), (518)
which has the same Bessel function argument as in the main text. The next section
explains this formula as a direct extension of the conventional PINEM theory, and
describes the additional effect of the electron pulse duration — achieving Eq. 1 from the

main text.



Supplementary Note 2 — Full time dependence of the electron

probabilities in PINEM

This section derives the central equation of the main text, which captures all the
effects we observed (PINEM energy peaks used for nearfield imaging, time-dependent

spectra used for lifetime measurements, and Rabi oscillations used in spatial scanning):
t

Pe(E,t) = Ji (ZIﬁI(Q(t)e‘?/r) * e‘“/"ﬂz) *G(t = (E,0.), €h)

where the standard deviations a,,0; of the electron and the laser pulses depend on

their durations 7,7, via 0,; = 7, /(2VIn2).

Generally, we can start by describing the electron energy spectra in PINEM
experiments as P(E,t) = Z;:_oo fo(E — khw)P,(E — khw,t), where f, is the

initial electron probability density in the electron energy E. Experimental conditions
dictate uncertainty of the initial electron energy, which is known as the zero-loss peak
(ZLP) width.

Before considering the effect of the lifetime of a photonic cavity, we consider the
effects of the time durations of the electron pulse and the laser pulse (which will
correspond to the formalism reported in the literature®>”’). We assume that the initial

electron energy probability density has a Gaussian-like profile f, = G(E,0g), where
the Gaussian function G is defined as G(x,0) = ﬁe‘("/ 9)? and the standard

deviation oy depends on full-width half maximum (FWHM) width of the ZLP wy

via og = wg/(2VIn2). Thus, we have the electron energy spectra (probability density)

+00

in PINEM experiments by P(E,t) = . .

» G(E — khw, og) P (E — khw, t).
The electron pulses are often chirped, because the high energy electrons travel

faster than the low energy ones®. Using the definition of the electron’s intrinsic chirp

coefficient ¢, we can add an additional energy dependence

P(E, ) = Z: G(E — khw, 0,)Po(E — khw, t) « G(t — CE,0,),  S(19)
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where the convolution (denoted by *) accounts for the influence of the temporal

electron pulse G(t,0,).

1. The electron probabilities in PINEM without a cavity effect

For electron and laser pulses with (temporal) Gaussian envelopes that interact

according to the conventional PINEM theory, i.e., no cavity involved, we can write
P (t) =],%(2|,8|e_t2/"f) «G(t,0,), where e~t*/9L is the time dependence of the

excitation field”. The PINEM probability density from Eq. S19 is accordingly:
+00

P(E,t) = Z G(E — k- hw, o) J2(21Ble~t*/°F) % G (t — {(E — k - ho), 0,) . (520)

k=—o0

This probability density corresponds to Eq. 1 from the main text, except for the
contribution of the cavity.

Note that the t-dependence on the right-hand side of Eq. S20 is the result of the
temporal convolution between the pulses, and takes the role of the delay between the

electron and laser pulses. Eq. S20 can be equivalently written as:

P(E,t) =
+
TOE0, Z

_(E-khw)? khm)z 2\ [t=t'+{(E-k-hw)]?

f J2| 21Ble oL |e o? dt'.  (521)

Eq. S21 corresponds to the formalism reported in the literature®>”.

2. The electron probabilities in PINEM with the cavity effect

To include the effect of the photonic cavity, which enhances the interaction and

extends its duration by a lifetime 7, we take the full form of Eq. S18, P, =
J2(218 le=t*/oL « O(t)e~t/T) 7). This expression can be understood as the convolution

of the laser pulse with the cavity’s impulse response function u(t) = O(t)e /7 /z.
This impulse response also appears in optical pump-probe theory®. Altogether, both
approaches, with a classical or a quantum photonic field, correspond to Eq. 1 in the

main text.

10



We obtain the energy probability density for cavity photons as a function of the

pump-probe delay t:
P(E,t) =

+0oo

z G(E — k- hoo, o) J2(21B1u(t) * e /) % G (¢ — C(E — k - hw), 0,), (522)

k= —o0

or
1 8 Ekhel e [ot-l(E-khe)?
P(E,t) = z e of f e o3
MOpO, Lt .
(i_t_’> t’ o
Ji <\/E|5o|€ 4% 7 erfc (———L>> dt'. (523)
o, 2T

Note that as the lifetime shortens (z — 0), we will have u(t) — 6(t) , where
&(t) is the Dirac Delta function. Then u(t) = |f(t)| = |B(t)| and Eq. S22 and S23

converge to S20 and S21 respectively.
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Supplementary Note 3 — Data processing: extracting the lifetime and

the PINEM field from the energy spectrum of the electron probe

This section presents the analysis we perform for extracting the lifetime from the
electron—cavity-photon interaction. We also present the conversion from the measured
probabilities (histogram) of the electron energy spectrum to the PINEM coupling
strength, and discuss the conversion from the PINEM coupling strength to the electric
field.

These parameters can be extracted in several different strategies. In case one is
interested in maintaining high spatial resolution, measuring the lifetime and field
strength at each point, we can use a focused electron beam as in scanning transmission
electron microscopy (STEM) and perform the measurement point-by-point (as done in
Fig. 3c). Alternatively, in regular transmission using a wide electron beam (TEM mode),
we can use energy filtered images to extract simultaneous information at different
points in space (as done in Figs. 2c, 3b and 4).

For the measurement of the lifetime, we can use the fact that the entire photonic
mode decays together to combine the information from different points in space and
analyze the combined electron energy spectrum. In this case, the interaction probability
density is found to be well-described by an integral over the lateral x-y plane, which is

perpendicular to the electron propagation direction z

P(E, ) = ff P(E,t, By (x,y))dxdy. (524)

In the case of a photonic crystal, the integration area in Eq. S24 can be considered

to be a single unit-cell (since the transverse interaction area is much larger than a single
cell). We find that in practice the EELS of the Bloch modes can be well-fitted
empirically using the expression P(E,t) = fODP(E, t, Boe *)dx, which contains a
single dimensionless parameter D. Substituting the S, by Sye ™ in Eq. S23 and

introducing an additional integral, we have the probability density of the EELS in a

photonic crystal:

12



fo  (E-khw)? hm)z

1 +oo _[t'-t-8(E-k-EL)]? z(E kEL)]Z
TOEO, kz ,[ f

P(E,t) =

i_ﬂ) t’ O—

- J2 (\/Elﬁoe"ﬂe(‘”z t) erfc <— - —)) dxdt’. (§25)
o, 2T

To obtain the lifetime 7 from our experiments, we developed an optimization

algorithm to minimize the difference between the experimental data F,,,, (e.g., Fig. 4a)
and the theoretical one in Eq. S25. We define the following quadratic error function F:
Minimize F (05,0, Bo,01,7,{, D) = |Paxp — Peq, s25| - (526)

The optimization algorithm can run over all the parameters defined above:
O, Og, 0, 01,7,{,and D, search for the optimum by an interior-point method. First, we
evaluate F using an initial guess of all the parameters. Then a series of changes are
applied iteratively to the parameters (as in gradient descent algorithms), each time
checking that we obtain a new F. The iterations stop when a minimum of F is
obtained and optimal parameters og, g,, By, 01,7, {, and D are found. While such an
algorithm often produces a local minimum and not the global one, we have not
experienced this problem in practical cases for the calculation of the lifetime (Fig. 4) or
Rabi phase (Fig. 3). Testing different initial conditions consistently resulted in the same
optimal fit of the parameters. We believe that such convenient optimization conditions
occur whenever using relatively weak interactions (f not much larger than 1), and also
when using electron pulse durations that are longer than the laser pulse duration (so the
average interaction is weakened).

We used the above procedure with a wide electron beam to find 7 in Fig. 4. We
also get the PINEM field f (averaged over the unit cell). When using a focused
electron beam we get 8 at each point, as we have done in Fig. 3, and thus we can
obtain the nearfield map in a STEM mode. From the PINEM field g, it is possible to
get the electric field at each point in x-y, integrated along the z axis. Finding the entire
electric field in 3D would also be possible by tilting the sample and incident laser
relative to the electron, thus achieving full-field tomography in 3D.

There is another strategy for extracting the nearfield map, which we use in Fig. 2.

13



Using a wide electron beam and filtering it by energy (blue frame in Extended Data Fig.
la) we obtain the entire map simultaneously. This map contains integrated electron
probabilities, from which the conversion to the PINEM field is not trivial. In some cases,
the conversion is not monotonic, and then some prior knowledge about the field
distribution is required in order to translate the measurement to the actual field'?.
However, when using a weak field (e.g., as for sensitive samples), then this conversion
could be monotonic. Similarly, when the electron pulse duration is longer than the laser

pulse duration we could expect that the conversion may also be monotonic.
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Supplementary Note 4 — Fit of the spatial-analogue Rabi oscillations

Here we present the method used to obtain the Rabi phases defined by 2|f]| from
the EELS map (Fig. 3c) and spectra (Fig. 3e) using Eq. 1, in which the electron is
quantum and the field is classical (also see Supplementary Note 1 and 2). We also
explain the comparison with the classical theory.

First, we took the electron energy spectrum at each x position (Supplementary Fig.
1a) and normalize it to total probability of 1. Since the lifetime is smaller than the pulse
durations, it is neglected for the fits and results in this case. The fitted map is shown in
Supplementary Fig. 1b.
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Supplementary Fig. 1 | Electron energy spectrum recorded as a function of electron
probe position. a, Measured electron energy map. This map is from the same data in
Fig. 3c but here its integrated probability for each x position normalized to 1. b,
Simulated electron energy map from the fit of Eqg. 1. ¢, Simulated electron energy map
in b after normalizing to its maxima, better showing the oscillation of the peaks, as in

literature® and Fig. 3c.
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We also fitted the measured electron energy map to a classical theory!?, which
assumes a point electron of mass m and charge ¢ moving under the relativistic Newton
Lorentz force. In our case, the electron energy change (gain or loss) can be found as an
integral over the electric field that resembles the PINEM field: AE =
2e [dz €,(2)e”@z/v  When we assume that the electron arrival time is random
relative to the phase of the field, we find that the electron after the interaction is

described by the following probability density for the electron’s energy change E:
1

Pciassical (E) = ,
EZ
AE / 1-— m

Using the same initial Gaussian energy distribution (the zero-loss peak) as in Eq.

(827)

1, we perform a convolution on Eq. S27 to obtain the classical fit (dashed curves) in
Fig. 3e

Peassicat (E) = Petassicait (E) * G(E, o) . (528)
The definition of Gaussian function G(E,oz) and the relationship oz to the

electron’s zero-loss peak width can be found in the Supplementary Note 2.
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Supplementary Note 5 — Subtraction of the zero-loss peak spectrum

In Fig. 4b of the main text, we presented the probability density of the electron—
cavity-photon interaction at each delay time, which is the result of subtracting the
spectrum of the non-interacting electron (i.e., the zero-loss peak, ZLP)%* This
subtraction is valid because the PINEM interaction moves the electrons of the ZLP to
both sides, and we can quantify this interaction by subtraction of the non-interacting
spectrum. After the subtraction, the spectrum at the zero-loss peak becomes negative
(since the interacting electrons are subtracted from the zero-loss peak energies and
move to the gain and the loss sides). There are three advantages for using the ZLP
subtracted spectra to get the probability of electron—cavity-photon interaction (the ratio

of electrons that interacted with the photons out of all electrons as in Fig. 4c):

(1) We can precisely separate the interacting electrons from the non-interacting
ones. This method is especially useful when the ZLP and first order peaks partially

overlap, and are thus hard to separate in other ways.

(2) The subtraction improves the signal-to-noise and thus provides higher stability
for the quantitative fit we perform. This method is especially important for weak
interaction strengths or very low laser intensities for which the signal in the side-lobes

is small compared to the high ZLP.

(3) The background noise and additional loss mechanisms in the spectrum (e.g.,

plasmon peak) can be greatly reduced.
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Supplementary Note 6 — Photonic crystal Q-factor calculation

The photonic crystal membrane contains extended cavity modes, with properties
such as the quality-(Q-)factor, as in localized photonic cavities. The Q factor of the

photonic crystal cavity modes can be calculated through the bandwidth of the resonance

fo
Af

where fy = ¢/A is the resonant frequency, and Af is the full-width half maximum

Q=

(FWHM) of the resonance bandwidth. From the FDTD simulation of the photonic
crystal bandstructure (Extended Data Fig. 2a), we obtained the spectral response of the
photonic crystal as shown in Supplementary Fig. 2. The high-Q mode (upper panel of
Fig. 4a) was found at 835 nm wavelength and 4.4° incident angle in the measurements.
In the simulated bandstructure (Extended Data Fig. 2a), the same mode was found at
364.3 THz frequency (823 nm) and 4.4° incident angle. The FWHM bandwidth Af of
this high-Q mode in the simulation, is determined to be 1.02 THz. The Q-factor
obtained from the simulations is ~357, showing a good match to the value obtained
through the lifetime measurement with the electron probe (~384, presented in the main

text).
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Supplementary Fig. 2 | Estimating the quality-(Q-) factor of the high-Q mode (upper
panel of Fig. 4a) using the simulated bandstructure (Extended Data Fig. 2a). The Q-

factor corresponds well to the result achieved from measurement (in the main text).
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Supplementary Note 7 — Laser spot diameter

In order to estimate the laser spot diameter on the sample located in the TEM
column, we used a camera placed on the focal plane of the parabolic mirror used for
focusing light on the sample (Supplementary Fig. 3a). The image of the pump laser
(730 nm wavelength) spot is captured in Supplementary Fig. 3b. To obtain the laser
spot size, a Gaussian model, G(x,y) = A-exp (—(x? + y?)/0?), is used to fit this

image by a nonlinear regression algorithm. The full width half maximum diameter, D,

was determined to be 69.0 um via the relationship D = 2vIn2¢ and presented as red

circle in Supplementary Fig. 3b.

High
TEM column

splitter
Per g

parabolic mirror

Low

ump laser
pump sample

X (um)

Supplementary Fig. 3 | Measurement of spatial spot size of the laser pulse. a,
Scheme of the laser spot size measurement. A parabolic mirror is used to focus the
laser on the sample surface. The distance from the sample to the beam splitteris d; +
d,. To measure the laser spot size on the sample surface, a calibrated camera is placed
at the same distance d; +d, from the beam splitter. b, The laser (730 nm
wavelength) spot image, as captured by the camera. Solid lines mark the laser spot
center. The circle presents the fitted spot diameter (69.0 um) from the Gaussian model

as explained above.

19



Supplementary References

1. Barwick, B., Flannigan, D. J. & Zewalil, A. H. Photon-induced near-field electron
microscopy. Nature 462, 902 (2009).

2. Garcia de Abajo, F. J., Asenjo-Garcia, A. & Kociak, M. Multiphoton absorption
and emission by interaction of swift electrons with evanescent light fields. Nano Lett.
10, 1859 (2010).

3. Park, S.T., Lin, M. & Zewail, A. H. Photon-induced near-field electron
microscopy (PINEM) theoretical and experimental. New J. Phys. 12, 123028 (2010).
4. Feist, A. et al. Quantum coherent optical phase modulation in an ultrafast
transmission electron microscope. Nature 521, 200 (2015).

5. Kfir, O. Entanglements of electrons and cavity-photons in the strong coupling
regime. Phys. Rev. Lett. 123, 103602 (2019).

6. Di Giulio, V., Kociak, M. & Garcia de Abajo, F. J. Probing Quantum Optical
Excitations with Fast Electrons. Optica 6, 1524—1534 (2019).

7. Vanacore, G. M. et al. Attosecond coherent control of free-electron wave
functions using semi-infinite light fields. Nat. Comm.s 9, 2694 (2018).

8. Park, S. T., Kwon, O.-H. & Zewail, A. H. Chirped imaging pulses in four-
dimensional electron microscopy: femtosecond pulsed hole burning. New J. Phys. 14,
053046 (2012).

9. Prasankumar, R. P. & Taylor, A. J. Optical techniques for solid-state materials
characterization. (CRC Press, 2016).

10. Nehemia, S. et al. Observation of the Stimulated Quantum Cherenkov Effect.
arXiv 1909.00757 (2019).

20



	Coherent interaction between free electrons and a photonic cavity


